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1. INTRODUCTION

The Sharpe-Lintner-Mossin (Sharpe (1964), Lintner (1965), Mossin (1966)) Capi-
tal Asset Pricing Model (CAPM) plays a central role in modern finance theory. It is
founded on the paradigm of homogeneous beliefs and a rational representative agent.
However, from a theoretical perspective this paradigm has been criticized on a num-
ber of grounds, in particular concerning its extreme assumptions about homogeneous
beliefs, and information about the economic environment and computational ability
on the part of the rational representative economic agent. Within the standard mean-
variance framework, this paper seeks to introduce heterogeneous beliefs in risk pref-
erences, means and variances/covariances among agents, to analyze the aggregation
properties of their heterogeneous beliefs, to examine the impact of the heterogeneity
of beliefs on asset equilibrium price, and to establish a CAPM-like relationship under
heterogeneous beliefs.

The impact of heterogeneous beliefs among agents on the market equilibrium price
has been an important focus in the literature. A number of models with agents who
have heterogeneous beliefs have been previously studied in the litérét@@mmon
finding in this literature is that heterogeneous beliefs can affect aggregate markets re-
turns. In much of this earlier work, the heterogeneous beliefs reflect either differences
of opinion among the agentsr differences in information upon which agents are
trying to learn by using some Bayesian updating fuleleterogeneity has been in-
vestigated in the context of either CAPM-like mean-variance models (see, for example
Lintner (1969), Miller (1977), Williams (1977) and Mayshar (1982)) or Arrow-Debreu
contingent claims models (see, for example, Varian (1985), Abel (1989, 2002), Calvet
et al.(2004) and Jouini and Napp (2006)).

In most of the cited literature, the impact of heterogeneous beliefs is studied for the
case of a portfolio of one risky asset and one risk-free asset (e.g. Abel (1989), Basak
(2000), Zapatero (1998) and Johnson (2004)). In those papers that consider a portfolio
of many risky assets and one risk-free asset, agents are assumed to be heterogeneous in
the risk preferences and expected payoffs or returns of the risky assets (e.g. Williams
(1977), Varian (1985) and Jouini and Napp (2006)), but not in the variances and co-
variances. The only exception seems to have been the early contribution of Lintner
(1969) in which heterogeneity in both means and variances/covariances is investigated
in a mean-variance portfolio context.

As suggested by the empirical study in Chetral. (1999), while future variances
and covariances are more easily predictable than expected future returns, the difficul-
ties in doing so should not be understated. These authors argue that “While optimiza-
tion (based on historical estimates of variances and covariances) leads to a reduction

ISee, for example, Lintner (1969), Williams (1977), Huang and Litzenberger (1988), Abel (1989),
Detemple and Murthy (1994), Zapatero (1998) and Basak (2000)

2See, for example, Lintner (1969), Miller (1977), Mayshar (1982), Varian (1985), Abel (1989, 2002),
Cecchettiet al. (2000)

3See, for example, Williams (1977), Detemple and Murthy (1994), Zapatero (1998)
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in volatility, the problem of forecasting covariance poses a challenge”. The variation
of dispersion in the expected payoffs of risky assets among investors can be character-
ized by heterogeneous beliefs about the variance/covariance among investors. Miller
(1977) proposes a direct relationship between a stotdkand itsdivergence of opin-

ion. Variation in expectations among potential investors is characterized as the stock’s
divergence of opinion. He argues that “in practice, uncertainty, divergence of opinion
about a security’s return, and risk go together”. Consequently, he proposes that “the
riskiest stocks are also those about which there is the greatest divergence of opinion”,
thus, the market clearing price of a relatively high-risk stock will be greater than that
for a relatively low-risk stock. The early empirical study by Bart and Masse (1981)
supports Miller’'s proposition. Recently, Diethet al (2002) provide empirical ev-
idence that stocks with higher dispersion in analysts’ earnings forecasts earn lower
future returns than otherwise similar stocks, in particular for small cap stocks and
stocks that have performed poorly over the past year. Johnson (2004) offers a simple
explanation for this phenomenon based on the interpretation of dispersion as a proxy
for un-priced information risk arising when asset values are unobservableetfalg
(2006) examine the empirical relation between cross-sectional volatility and expected
returns and find that stocks with high sensitivities to innovations in aggregate volatility
have low average returns. Therefore, an understanding the impact of heterogeneous be-
liefs in variances and covariances on equilibrium prices, volatility and cross-sectional
expected returns is very important for a proper development of asset pricing theory.
This paper is largely motivated by a re-reading of Lintner’s early work and the recent
empirical studies. Although these earlier contributions discuss how to aggregate het-
erogeneous beliefs, the impact of heterogeneity on the market equilibrium price, risk
premia and CAPM has not been fully explored. These are the issues that are the central
contribution of this paper.

In this paper, we consider a portfolio of one risk-free asset and many risky assets
and extend the mean-variance model to allow for heterogeneity not only in the means
but also in the variances/covariances across agents. The heterogeneous beliefs are
considered as given. They reflect either differences of opinion among the agents or
differences in information. By introducing the concept afasensus beliefve first
show that the consensus belief can be constructed as a weighted average of the het-
erogeneous beliefs and prove that the analysis of the heterogeneous beliefs model is
equivalent to the analysis of a classical homogeneous model with the consensus be-
lief. In particular, we show that the market aggregate expected payoffs of the risky
assets can be measured by a weighted average of the heterogeneous expected payoffs
of the risky assets across the agents, in which the weights are given by the heteroge-
neous covariance matrices adjusted by the risk aversion coefficients of the agents. We
then examine various aggregation properties, including the impact of heterogeneity on
the market equilibrium price, volatility, risk premium and agents’ optimal demands in
equilibrium. We show that the market equilibrium price is a weighted average of the
equilibrium prices under the separate beliefs of each agent. We also establish an equi-
librium relation between the market aggregate expected payoff of the risky assets and
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the market portfolio’s expected payoff, leading to a CAPM-like relation under hetero-
geneous beliefs. An exact formula for tiecoefficient under heterogeneous beliefs

is derived. Consequently, the standard CAPM in return under homogeneous belief is
extended to the one under heterogeneous beliefs. As a special case, our result pro-
vides a simple explanation for the observed empirical relation between cross-sectional
volatility and expected returns.

An example of two risky assets and two heterogeneous beliefs is used to illustrate
various impacts of heterogeneous beliefs on the equilibrium demands of heterogeneous
agents and the equilibrium returns of the risky assets and the market portfolio. In
particular we examine the impact of the heterogeneous beliefs ghdbefficient.

The paper is organized as follows. Heterogeneous beliefs are introduced and the
standard mean-variance analysis is conducted in Section 2. In Section 3, we first intro-
duce a consensus belief, and show how the consensus belief can be constructed from
heterogeneous beliefs. We then derive the market equilibrium price of risky assets
based on the consensus belief. Aggregation properties and the impact of diversified
beliefs are examined in Section 4. In Section 5, we extend the traditional CAPM un-
der homogeneous belief to the one under heterogeneous beliefs. An example of two
agents and two beliefs is presented in Section 6 to illustrate the different impact of
heterogeneity on the equilibrium optimal demands, returns of risky assets and market
portfolio, and the correspondingcoefficients. Section 7 concludes.

2. MEAN-VARIANCE ANALYSIS UNDER HETEROGENEOUSBELIEFS

The static mean-variance model considered in this section is standard except that
we allow the agents to have different risk preferences, subjective means, variances
and covariances. Consider a market with one risk-free asse@ndl) risky assets.

Let the current price of the risk-free asset be 1 and its payoftpe= 1 + r;. Let

%X = (#1,--- ,Zx)" be the payoff vector of the risky assets, whege= 7 + di.(k =
1,---, K) correspond to the cum-prices.
Assume that there arkinvestors in the market indexed by= 1,2,--- ,I. The

heterogeneous (subjective) bellgf= (E;(x), €2;) of investori is defined with respect
to the means, variances and covariances of the payoffs of the risky*assets

yi = Ei(X) = (Yi1,Yi2, >yi,K)T7 Qi = (o3 0) K x K
where
Yir = Ei[Tx],  0ig = Covi(Tk, ) (2.1)
fori=1,2,---Tandk, 1 =1,2,--- | K.
Let z; , andz; , be the absolute amount and the endowment of invesiothe risk-
free asset, respectively, and

z; = (21, Zi2, - 7Zi7K)T and Z; = (Zi1, Zig, -+ >5i,K)T

“The heterogeneity considered in this paper is quite general. It may be due to the heterogeneous prob-
ability beliefs in an Arrow-Debreu economy, or heterogeneous information, or differences of opinion
among agents.
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be the risky portfolio and the endowment, respectively, of investoabsolute amount
of the risky assets. Then the end-of-period wealth of the portfolio for invessor

Wi = Rz + X' 2;.
Then, under the belig$;, the expected value and variance of portfolio weé&lthare
given, respectively, by
El(WZ) =Rz, +y] %, UZ(I/T/,-) = z! Wiz, (2.2)

7

We now make the following standard assumptions under the mean-variance frame-
work.

(H1) Assume the expected utility of tpe wealth generated from the portfalioz;)

of investori has the fornV;(E;(W;), o7(W;)), whereV;(x,y) is continuously
differentiable and satisfies;,(x,y) = 0Vi(z,y)/0x > 0 andViy(z,y) =
Vi(x,y)/0y < 0.

(H2) Assume—2Vy(x,y)/Vii(x,y) to be a constardt, for all (z,y), i.e.

0' _ _2‘/;2(‘1:7 y)
' ml('r?y)

Assumption (H1) is in particular consistent with the constant absolute risk aversion
(CARA) utility function U;(w) = —e~4i* with normally distributeds. HereA; > 0
corresponds to the CARA coefficient. In this case, investopptimal investment
portfolio is obtained by maximizing the certainty-equivalent of his/her future wealth,
Ci(W;) = E(W;) — 4:Var,(W;), and thereford; (z, y) = x — 4ty. Under assumption
(H2),0; = A;, which is the absolute risk aversion of invesioBased on this, we refer
to 0, as the risk aversion measure of investor

Under (H1), the optimal portfolio of investaref risky assetz’ and risk-free asset

2% is determined by

= const.

max%(Ei(m),U?(m))

Zio0s24q

subject to the budget constraint
Zio+ POTZz' = Zio T+ PoTzi, (2.3)

wherep, = (P10, P20, '+ » PKo)" IS the vector of market equilibrium prices of the risky
assets, which is to be determined. We can then obtain the following Lemma 2.1 for the
optimal demand of investarin equilibrium.

Lemma 2.1. Under assumptions (H1) and (H2), the optimal risky portfaljoof in-
vestor; at the market equilibrium is given by

z! = 9;19;1[% — R¢po|. (2.4)

Proof. Let \; be the Lagrange multiplier and set

L(zi0,2i, \i) := Vi(E;(W;) Uz(m)) + Ni[(Zi0 + PZZ’) — (2i0+ PZZi)]-

()
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Then the optimal portfolio of agefitis determined by the first order conditions

O (W;
vy 2V @5)
821‘70
OR, (W, 9o (W,
‘/;1 ( ) +%2$ :)\’ipkm k:172a 7K' (26)
62,’7k 6Zi7k
From equation (2.2) we have
O, (W;) O (W;) Do (W) -
=R = Yik =2 ikl Zi
8zi P > Bzi,k Yik 82’2%; —1 Ti ki
fork=1,2,--- K. Then (2.5) and (2.6) become
K
Vityix +2Vio Zai,klzi,l = AiDko> k=1,2,--- K. (2.8)
=1
Substituting (2.7) into (2.8) leads to
K
Vir[yin — Rypro] +2Viz Zaz‘,kzzi,l =0, k=12, K, (2.9)

=1
which in matrix notation can be written as

Virlyi — Rypo) + 2ViaSliz; = 0.

This, together with assumption (H2), leads to the optimal portfolio (2.4) of invéstor
at the market equilibrium. O

Lemma 2.1 shows that the optimal demand of investgrdetermined by his/her
risk aversiory; and his/her belief about the expected payoffs and variance/covariance
matrix of the risky assets’ payoffs. We will see that, in the market equilibrium, the
optimal demand depends on the dispersion of expected payoffs of invdstan-the
expected aggregate market payoff.

3. CONSENSUSBELIEF AND EQUILIBRIUM ASSETPRICES

In this section, we first define a consensus belief. By construction, we show the
existence and unigueness of the consensus belief. The market equilibrium prices of
risky assets are then derived by using the consensus belief.

A marketequilibrium is a vector of asset pricqs, determined by the individual
demands (2.4) together with the market aggregation condition

1 1
ZZ;‘k = Zzl = Zm, (31)
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which defines anarket portfolio. To characterize the market equilibrium, we intro-
duce the following definition ofonsensus belief

Definition 3.1. A beliefB, = (E, (%), (2,), defined by the expected payoff of the risky
assetsE,(x) and the variance and covariance matrix of the risky asset paynffss
called aconsensus belieif and only if the equilibrium price under the heterogeneous
beliefs is also the equilibrium price under the homogeneous kiglief

We now show how such a consensus belief can be uniquely constructed and how the
market equilibrium price can be characterized by the consensus belief.

Proposition 3.2. Under assumptions (H1) and (H2), let
I

- B ;(1/92»)} -

Then
(i) the consensus beli#, is given by

I -1
Q,=06"" G > 9;19;1) : (3.2)
=1

1
S 1 -10-1m () ).
va=Eu(%) = 00 ] >0 B/%) ) (3.3)
(i) the market equilibrium price, is determined by
1 . 1
Py = 71 Ea¥) — 702, 34

(i) the equilibrium optimal portfolio of ageritis given by
z; =001 {(yl —Va) + %@Qazm} . (3.5)

Proof. It follows from the individuals demand (2.4) and the market clearing condition

(3.1) that
I I I
=) 7= 7 =) 0.0 [yi— Rypo]. (3.6)
i=1 i=1 i=1

Under the definitions (3.2) and (3.3), equation (3.6) can be rewritten as

I
Ly, = Z Qi’lﬂi’lyi - IRf@’nglpo

=1
1 1
=107'0,"10Q,~ > 070y — Ryp,
e a{@ IZ-ZIZ .y — Rsp

— 16710, [E.(X) — Ryp) (37)



8 CHIARELLA, DIECI AND HE

This leads to the market equilibrium price (3.4). Inserting (3.4) into the optimal de-
mand function of investoiin (2.4) we obtain the equilibrium demand (3.5) of investor-

1 for the risky assets. The uniqueness of the consensus belief follows from the unique-
ness of the equilibrium price and the construction. O

Proposition 3.2 shows not only the existence of the unique consensus belief but
also how it can be constructed from the heterogeneous beliefs. The equilibrium asset
pricing formula is the standard one under the consensus belief. Proposition 3.2 is one
of the main results of this paper and its implications are explored in the following
section.

4. AGGREGATIONPROPERTIES AND THEIMPACT OF HETEROGENEITY IN
BELIEFS

In this paper, heterogeneity is characterized by the diversity in risk aversion coeffi-
cients, expected payoffs and variance/covariance matrices of the payoffs of the risky
assets. Understanding the impact of such diversity under market aggregation is impor-
tant for a proper understanding of asset pricing theory. In this section, we examine the
impact of heterogeneity from several different perspectives.

4.1. The aggregation effect of diversity in risk aversion coefficientsIf we treatt;
as the absolute risk aversion coefficient of invegtahen the coefficien® defined in
Proposition 3.2 corresponds to tharmonic meamf the absolute risk aversion of all
the investors (e.g. Huang and Litzenberger (1988)). The aggregate property of the risk
aversion coefficient can be examined from two different perspectives.

First, given the fact thaf(x) = 1/z, 2 > 0 is a decreasing and convex function, we
have

1
1
< - ;- 4.1
@_I;@ (4.1)

This implies that the aggregate risk aversion coefficteg smaller than the average
of the risk aversion coefficients among investors.

Secondly, the aggregation property of the risk aversions can be characterized via
a mean-preserving spreadthe distribution of the risk aversion coefficierits The
mean-preserving spread is a standard technique developed in Rothschild-Stiglitz (1970)
to measure the stochastic dominance among risky assets. We extend this technique to
examine the effect of the diversity of the risk aversions.

To illustrate, assumé = 2 and let the risk aversion coefficients be, ., 6, }, with
0, < 6,. That s investor-2 is more risk averse than investor-1. Define (6, +0,) /2
as the mean (or average) risk aversion. The aggregate risk aversion in this case can be

written as 00 00
@ _ 2 1v2 _ 1_2
01 + 0, 0

n

5n fact, for any continuous convex functigi{z), f(> i, asx;) < i, i f(z;) holds fora; > 0
satisfyingd ", a; = 1. The equality holds if and only if al; are the same.
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Assume now that the risk aversion coefficients change into the folloyihg),} =

{6, —¢,05 + ¢} with 6; > ¢ > 0, this represents a mean-preserving spread in the risk
aversion coefficients and> 0 measures the dispersion of heterogeneous belief in the
risk aversions around the mean. The mean risk aversion is éghirt the aggregate

risk aversion becomes
o (01 — )02+ €)
B 0

Given that
(01 — 8)(92 + E) = 9102 — 5(92 — 6)1) — 82 < 0192,

it turns out that®’ < ©. This implies that a mean-preserving spread in risk-aversion
coefficients can reduce the risk aversion coefficient under aggregation. In particular,
if € is very close td,, the aggregate risk aversi@ is very close to 0, and hence the
market is close to a risk-neutral market.

The above analysis indicates that aggregation of diversified risk preferences among
heterogeneous agents makes the market become less risk averse. Intuitively, the market
is dominated by investors who are less risk averse.

4.2. The aggregation effect of diversity in variances and covariancedt follows

from (3.2) that the inverse of the aggregate covariance matrix is a risk-adjusted weighted
average (with weight®/(16,)) of the inverses of the covariance matrices of the het-
erogeneous investors.

To investigate the aggregation property of the variance and covariance, we first
compare the variances of any portfolio under both the aggregate covariance matrix
and the average of the heterogeneous covariance matrices. More precisely, we use
both the aggregated covariance mafejxand the weighted average covariance matrix
Q= (0/I)Y",6;'Q; and calculate the respective variances of any given portfolio
z, hamely

02(z) = 2" Quz, 02(z) = 2" Qz.
It would be interesting to know i#2(z) < o2(z). It is not clear at this stage if this
is true in general, however, it is true when the payoffs of the different assets are un-
correlated. As a matter of a fact, in this case, it follows from (3.2) that the aggregate
variance of assetis given by

I
(Uz,j)_l = Zez‘_l(az‘z,j)_l (4.2)

and thereforerij is a (weighted) harmonic mean of the variance beliefs. Using again
the result in footnote 5, we see that equation (4.2) implies that

1

1 )

2 2 _ =2

O—a,j S ? Z Eo—i’j =0;. (43)
i=1 "

Hence, when asset payoffs are uncorrelated, the variance of any portfolio under the

aggregate variance is smaller than that under the weighted average variance.
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Similarly to the discussion in Section 4.1, it is interesting to examine the effect of
the mean-preserving spread in variance/covariance beliefs. The implication is not clear
in general. We only consider the case when asset payoffs are uncorrelated. In this case,
when the beliefs about the risk aversion coefficients are homogeneous &€ for
all 7), aij is a harmonic mean of the variance beliefs. Applying the same argument as
in Section 4.1, we can conclude that a mean-preserving spread in variance beliefs can
reduce the asset risk under aggregation. However, this result is also true under certain
conditions when the risk aversion coefficients are heterogeneous. This is illustrated by
the following example.

Example. Let I = 2 and the risk aversion coefficients be 6. Assume the payoffs
of the risky assets are uncorrelated and the variance beliefs of the two investors in asset
j areos ;, 03, With of ; < o3 ;. Define

—2 910%]’ + 6205,]’
o = —
I 01 + 0y
as the weighted average variance. In this particular (za@ﬁ*l can be rewritten as

e/ 1 1 o
(Uz,j)_lz_( SRR ): Tt

that is,
2 01,05,
Ua,j - 62
j
Assume that the variance beliefs of the two investors in gésétj are
{o},,05,} ={0},—¢c,05;+0}, o, >e>0, § =¢01/0,,

that is the variance beliefs about asge$ a mean-preserving spread in variance beliefs
about asset. The weighted average variance of agsés again&?, but the aggregate
variance becomes

2 (U%,j _€>(U§,j+6>

g, . = — .

a,j
o4
J

: : ,
In this case we obtain thaf’ ;, < o7 ; iff
(Oij - 5)(054 +€61/6;) < Uijag,ja

which is equivalent to

2

2 1-
92,5

Condition (4.4) implies that, on the one hand, a mean-preserving spread in variance be-
liefs reduces the aggregate market risk of risky agsehen an investor (here investor-

2) who believes the asset is more risky (measured by highgr is more risk averse

(in the sense of (4.4)). On the other hand, a mean-preserving spread in variance beliefs

02>

(4.4)
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increases the aggregate market risk of risky agsghen an investor (here investor-2)
who believes the asset is more risky, is less risk averse.

By assuming that investors are risk averse, we can use the above example to explain
the empirical relation between cross-sectional volatility and expected returns reported
by Diether et al. (2002) and Angt al. (2006). They found empirical evidence that
stocks with higher dispersion in analysts’ earnings forecasts earn lower future returns
than otherwise similar stocks. Assume that both investors in the above example have
homogeneous beliefs about the expected payoffs of risky agaets;’ but heteroge-
neous about risk aversion coefficients and variances of the assets. We also assume the
variance beliefs about asgéis a mean-preserving spread of variance beliefs about as-
setj. If investor-2 is more risk averse than investor-1 (in the sense of condition (4.4)),
then it follows from the example that the aggregate variance of gssdess than that
of assetj. Thus, from the equilibrium price equation (3.4), the equilibrium price for
asset)’ is higher than the equilibrium price for asgetThis in turn implies that asset
j' has lower expected return than asgen other word, stocks with higher dispersion
in expected payoffs have higher market clearing prices and earn lower future expected
returns than otherwise similar stocks. This result is consistent with Miller’'s proposi-
tion that divergence of opinion and risk “go together”. It is also interesting to see that
this kind of argument cannot hold when investors have homogeneous beliefs.

4.3. The aggregation effect of diversity in expected payoffsGiven that ©Q,) ! =

(1/1) Zle 0;1Q; 1, equation (3.3) indicates that the aggregate expected payoff of
risky assets under the consensus bdfiefs a weighted average of the heterogeneous
expected payoffs of the risky assets. On the one hand, if investors agree on the expected
payoff E;(x) = E,(x), then it follows from (3.3) thaE, (x) = E, (%), although they

may disagree on their risk preferences, variances and covariances. On the other hand,
if investors agree on the variance and covariance, then

B,(3)= 1 Y S E() (4.5)

which reflects a weighted average opinion of the market on the expected payoffs of
risky assets. In this case, the expected market payoff is dominated by investors who
are less (more) risk averse and believe in a higher (lower) expected payoff, as we
would expect in bull (bear) market, although such dominance may be asymmetric for
bull and bear markets. Otherwise, the aggregate expected payoff may be unchanged
even if investors have divergent opinions on their expected payoffs, as long as they are
balanced This discussion implies that the aggregate pa¥yffx) is affected by the
covariance beliefs only when investors disagree on both the expected payoffs and co-
variances. The impact of a mean-preserving spread in either risk aversion coefficients
or variance matrices on the expected aggregate payoffs is less clear in general and we
leave an analysis of this issue to future research.
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4.4. The impact of heterogeneity on the market equilibrium price. The market
equilibrium price (3.4) in Proposition 3.2 (ii) is exactly the same as the traditional
equilibrium price for a representative agent holding the consensus Iielieff we
definep; , as the equilibrium price vector of the risky assets for investas if he/she
were the only investor in the market, then we would have

1
=%
Equation (3.4) can then be rewritten as

Pio []Ez (i) - 619121]

I
pO::@Qa{%E:H;KEJpw}. (4.6)
=1

Therefore, the aggregate market equilibrium price is a weighted average of each agent’s
equilibrium price under his/her belief if he/she were the only agent in the market. Con-
sistent with Miller's argument, the market price may reflect the expectations of only
the most optimistic minority, as long as this minority can absorb the entire supply of
stock.

Equation (3.4) indicates that the market equilibrium price depends on the aggregate
expected payofi,(x) and the equity risk premiur®<,z,,/I. The equity risk pre-
mium is proportional to both the aggregate risk aversion coeffi¢teamd the covari-
ance between the risky assets and the average market poftfali/ /. The diversity
of heterogeneous beliefs in variances and covariance will affect the equity risk pre-
mium. In particular, a mean-preserving spread in variance beliefs when asset payoffs
are uncorrelated will reduces the aggregate variances of stocks, leading to a lower eg-
uity risk premium and therefore a higher market price. When both the risk aversion
coefficients and the market portfolio are bounded (as is often the case), the equity risk
premium becomes smaller when the number of investors increases. In the limiting
case, the equity risk premium tends to zerd as oo, and hence

1 1 ~
o~ —E,(X) = —E.(p+4d). 4.7
pr(X)Rf(+) (4.7)
This is the traditionakisk-neutral discount equity value formulamder the expected
aggregate payoff of heterogeneous beliefs, which we see may be a reasonable approx-
imation in a market with heterogeneous beliefs if the number of different beliefs is
sufficiently large.

4.5. The impact of heterogeneity on the optimal demands and trading volume.
Proposition 3.2 (iii) indicates that the equilibrium demand of an individual investor has
two components. The first terfiy 'Q; ' [E;(x) —E,(x)] corresponds to the standard
demand. It reflects the dispersion of the investor’s expected payoff from the aggregate
expected payoff. The second te(f/0;)$2; 'Q,z,,/I reflects the dispersion of the in-
vestor’s belief on variance and covariance from the aggregate variance and covariance.
When an investor’s expected payoff is the same as the aggregate expected payoff, that
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is, E;(x) = E,(x), the investor's demand is simply determined by the second com-
ponent. When investors are homogeneous in the risk aversion coefticier, and

the covariance matri®; = €2, the second component reducetg/I, which is the
average share of the market portfolio. In this case, the equilibrium demand of investor
i is reduced to

7t = 07 Q) Ei(X) — Eo(X)] + 2m/1, (4.8)
and the market equilibrium price is reduced to
I

From (4.8), one can see that the optimal portfolio of investor is different from the
market portfolio unless the investor’'s belief is same as the market aggregate belief.
One can also see from (4.8) and (4.9) that a mean-preserving spread in the distribution
of the expected payoffs among investors will not change the equilibrium price, but will
spread optimal demands among investors around the average market portfolio, this in
turn will increase the trading volume in the market. This implies that a high trading
volume due to diversified beliefs about asset expected payoffs may not necessarily
lead to high volatility of asset prices. If the dispersion of investors’ expected payoffs
from the average expected payoff does not change, investors demands will not change.
However a high average of the expected payoffs will lead to a high market equilibrium
asset price. This suggests that a higher (or lower) market price due to a higher (or
lower) averaged expected payoff may not necessarily lead to higher trading volume.

5. THE CAPM-LIKE RELATIONSHIP UNDERHETEROGENEOUSBELIEFS

We now explore the impact of heterogeneity on the CAPM relationship, which con-
stitutes the second main set of results of this paper. For the market po#fglits
value in the market equilibrium is given b¥,,, , = z! p, and its future payoff is given
by W,, = x"z,,. Hence, under the consensus bebef

Wy =E,(W,,) = ]Ea(fc)TzW ng = Var(Wm) = zﬁQazm. (5.1)

Based on Proposition 3.2 and the above observation, we obtain the follGARY/-
like price relation under heterogeneous beligfe shall call this relationship thidet-
erogeneous CAPNHCAPM ) in price.

Proposition 5.1. In equilibrium the market aggregate expected payoff of the risky as-
sets are related to the expected payoff of the market portig|ity the CAPM-like
price relation

- 1 5
E.(x) — Rsp, = J—QQazm[]Ea(Wm) — RiWil, (5.2)

or equivalently,
O'(Wm, Zik)

2
Om

Ea(i’k) - prk,o — [Ea(Wm) - Rme,o]y k= 17 27 e 7K7 (53)
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whereQ, = (o4;) kxx anda(Wm, T) = Zle Zm.j0kj fOrk =1,--- | K corresponds
to the covariance of the market aggregate payoffs of the risky aAsset the aggregate
market portfolio payoffV,,.

Proof. From (3.7) and (5.1),
0 <02 =107 E,(W,,) — RfWi)

and hence .

Eo(Wn) — RiWy, o = 002 /1. (5.4)
On the other hand, from (3.4),

E.(X) — Rfpo, = OQ,2,,/1.

This last equation, together with (5.4), lead to the CAPM-like price relation (5.2) under
heterogeneous beliefs in vector form. O

The HCAPM price relation (5.2) can be converted to the standard CAPM-like return
relation. Define the returns

~ «flv:j ~ Wm
=2 1 = -1
TJ pj,o ’ " Wm,o
and set ~
~ Ea(j ) ~ Ea(Wm>
E,(7;) = o1, Ey(f) = —1.
() === () = =

With these notations, we can obtain from (5.2) the following HCAPM relation between
returns of risky assets and the market portfolio.

Corollary 5.2. In equilibrium, the HCAPM price relation (5.2) can be expressed in
terms of returns as

E,[t] = rf1 = BEu(7m) — 1yl (5.5)
where
B = (PP . 0r)", ﬂk:%, k=1,--- K,

and the mean and variance/covariance of returns under the consensusi)etiet
defined similarly.

Proof. We divide throughout by , on both sides of (5.3), then
Wmoo-(Wmv jk)

[Ea(7e) +1]=[rp+1] = (Bo(Fr)+1)=(rp+1)],  k=1,2,--- K.

Dko02,
That is, )
Eo(rr) — 75 = Br[Ea(m) — 77l k=1,2-- K,
where
5, = Wono (Wi, 1) B coVa(Tk/Phor Won)/ Win.o) oV (T, )

pk,O O—’rzn Vara(Wm/Wm,o) B 0'2(7:77”)
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O

The equilibrium relation (5.5) is the standard CAPM except that the mean and vari-
ance/covariance are calculated based on the consensusAeli€he 5 coefficients
of risky assets depend upon not only the covariance between the market returns and
asset returns, but also the aggregation of the heterogeneous beliefs. The effect of
heterogeneity on thg coefficients and their potential to explain the well-known risk
premium puzzle are left for future research.

6. THE CASE OFTWO RISKY ASSETS ANDTWO BELIEFS

In this section, we illustrate the different impact of heterogeneity on the equilibrium
optimal demands (of heterogeneous agents), returns of risky assets and market portfo-
lio and the corresponding beta’s of risky assets, by considering a simple market with
two risky assets and one risk-free asset. We assume that there are two agents who may
have different beliefs.

To facilitate our analysis, we recall the connection between asset payoffs and asset
returns. For asset(j = 1,2), the rate of retur; and the payoffz; are related by
z; = xj,(1 + 7;), wherexj, > 0 is a constant. For, j = 1,2, set

5-4
~ _2 ~ — ~ o~ _ 4,12
pij = Eqi(75), 0,5 = Vary(7j), 0Gi12 = Covi(71,72), pi=———.
031042
Then
Yij = Ei(Z)) = 2j0(L 4 pij),  0ij = 200,
and
_ _ _ Oii2
0i12 = T10202004,12,  Pi = — _— = Pi-
031042

Hence the expected payoffs and variance/covariance matrix of the two risky asset pay-
offs are, respectively,

i = Yi1 0 — o Pi0i1042 i=19
‘ Yiz )’ ‘ Pi0i1042 01-22 ’ ’

As a benchmark, we consider the corresponding homogeneous case where
M1 = [i1, M2 = M2, 01 =031, O2=0;2, p=p; (6.1)

fori =1,2. Letr; = E,(7;),rnm = E4(7,) be the equilibrium return of assgtj =
1, 2) and market portfolio respectively, angd be the risk-free rate.

To explore the different impact of agent heterogeneity on the equilibrium portfolio
of agents and market equilibrium returns of the risky assets, the market portfolio and
the betas, we consider the following six cases.
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6.1. Case 1. We first consider the homogenous case and examine the impact of chang-
ing the absolute risk aversion coefficient, the mean, variance, and the correlation co-
efficient on the optimal demands (of investors), the equilibrium returns and the cor-
responding betas of the risky assets. The following Proposition 6.1 about the ho-
mogeneous agent case is helpful in understanding the impact of different aspects of
heterogeneity in the subsequent cases.

Proposition 6.1. For a market with two risky assets and one risk-free asset, if agents
are homogeneous with respect to the risk aversion coeffi@iethie expected payoffs
y = (v1, y2), and the variance and covariance structurer;, o2, then

(i) the equilibrium demand of investois an equal share of the market portfolio

Zf = Zm/2;
(ii) interms of the expected payoff of the 1st risky agget \we have
Ory 03
— =0, — >0
oy oy
and
07’1 861 .
— < (>,=)0, — < (>,=)0 iff o1+ poy > (<, =)0;
5y < (=)0, Sl <(>,=) L po2 > (<, =)
(i) in terms of the volatility of the 1st risky asset), we have
it s 20 i 0
Jdoy 09 doy
and
. —2 m 2 2
9B _ i p> 7 gnd Lo Im (01 + po) ,
doy 09 01 Omom(201 + po2)
9B, . 0102
e ff _ .
001<O o= 0%+ 03+ 0109

(iv) in terms of the risk aversion coefficied)(we have

87”1 87’2

>0 iff o> —poy; >0 iff oy > —poy

90 90
and
851 . 2 . aﬁQ . 2 .
50 <0 iff mW,, <rm 20 <0 iff rW, , <rm;
(v) in terms of the correlation coefficient), we have
87’1 87“2
— >0 — >0
op ’ op
and
0B T T 01+ PO2

— >0 iff —>2— "
ap o1 Om omW2 ,
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ofe : Ty T'm 02 + pO1
— >0 iff = >2——=——
op o9 Om omW2,’
Proof. See Appendix A. O

When agents are homogeneous, the result in Proposition 6.1(i) is very intuitive.
Changing mean and variance/covariance does not change the equilibrium demands for
risky assets. This simply illustrates the no-trade theorem in the homogeneous and rep-
resentative agent literature. Propositions 6.1(ii)-(v) indicate that changes in expected
payoff, variance, correlation coefficient and the risk aversion coefficient have different
impacts on equilibrium returns and beta coefficients of the risky assets. To illustrate
these impacts, we choose

1 =01, =0.12,61 = 0.12,5, = 0.15,p = 0.5,7, = 0.05,0 = 1, z; , = 10.
(6.2)

Hence

yp=11,yo =11.2,01 = 1.2,00 = 1.5, p = 0.5. (6.3)
Assume that the initial endowment of the two risky assets are 0.5 and 0.5, respectively
for both investors. This leads to a market portfolio of one share for both risky assets.
These are the parameters we will use in our following discussion on various cases
unless stated otherwise. The discussions are illustrated by using various figures, in
which the blue (or dark) surface corresponds to asset-1 and the green (or grey) surface
corresponds to asset-2.

Proposition 6.1 is illustrated in Figure 6.1. Proposition 6.1 (ii) shows that, an in-
crease of the expected payoff of asset-1 doesn’t change the equilibrium return of asset-
2, but increases the beta coefficient for asset-2, and correspondingly the expected re-
turn of the market portfolio decreases. Also, an increase of expected payoff of asset-1
decreases (increases) the equilibrium return and the beta coefficient of asset-1 when
o1 + pos > 0(< 0). A similar argument can be used for the case when the expected
payoff of asset-2 changes. This result is illustrated in Figure 6.1 panels (A3) arfd (B3)

The impact of changing variance on the equilibrium returns and betas is more com-
plicated. Assume that both asset payoffs are positively correlated. From Proposition
6.1 (iii), the equilibrium returns for both assets increase as the volatility of asset-1 in-
creases. Also, the beta coefficient increases for asset-1 but decreases for asset-2. This
is illustrated in Figure 6.1 panels (A2) and (B2). For fixed a high volatility ino is
associated with high return for asset-1 while the return for asset-2 is almost unchanged.
Figure 6.1 (B2) demonstrates that changing volatility (and hence the covariance) has a
significant impact on beta coefficients of the risky assets.

Figure 6.1 panels (A1) and (B1) illustrate the equilibrium retufnsry) and 5
coefficients of the risky assets for changing absolute risk aversion (CARA) coefficient
6 and correlation coefficient. It is found that; < r, andg; < 1 < [3,. With respect
to the risk aversion coefficient, one can see from Figure 6.1 panels (Al) and (B1) that,

8In all the figures, the expected retyer);, rather than the expected payoff;, is used for convenience.
Sincedy; ;/du; ; > 0, this replacement does not change the results.
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as investors become more risk averse, returns of the risky assets increase significantly
and the beta coefficient of the first risky assets decreases while the beta coefficient of
the second risky assets increases. Also, it follows from Proposition 6.1 (iv) that, for the
giveno;(i = 1,2), if p < —o1/02(= —0.8), the return of the first asset will decrease

as agents become more risk averse. Hence one of the asset returns may decrease when
two risky assets are highly negatively correlated.

From Proposition 6.1 (v), one can see that an increase in correlation of asset payoffs
improves the returns of the risky assets and the market portfolio. This is clearly indi-
cated in Figure 6.1 panel (Al). More interestingly, Figure 6.1 panels (A1) and (B1)
indicate that the correlation coefficieptplays a less significant role in determining
the equilibrium return but a more significant role in determining thef the assets.

On the other hand, the risk aversion coefficient has a more significant impact on the
equilibrium return but a less significant impact on thef the assets.

Based on the above analysis, one can see that the equilibrium returns of the risky
assets are strongly influenced by the change of the CARA coefficient, followed by the
standard deviation, the correlation coefficient, and the expected payoff of the assets.
As far as the beta coefficients are concerned, they are mostly influenced by changes of
the correlation coefficient, followed by the standard deviation, the CARA coefficient
and the expected payoff of the assets. Overall, both the returns and beta coefficients
are strongly influenced by changes in the standard deviation and weakly influenced by
changes in the expected payoff of the assets. This observation underlines the signifi-
cant impact of heterogeneity in the variance/covariance to be discussed below.

We now consider various aspects of heterogeneity among the two agents and ex-
amine the impacts of these heterogeneities on the equilibrium demands in the optimal
portfolio of investors, the equilibrium returns of risky assets and the market portfolio,
and the corresponding coefficients for the risky assets.

6.2. Case 2. First, we assume that agents are homogeneous except for having hetero-
geneous beliefs about the correlation coefficients of the risky assatedp,. Figure

6.2 panels (a2), (b2) and (c2) illustrate the impact on the equilibrium demands for
the risky assets:(y, z12) for investor-1, the equilibrium returns of risky assets {-),

and the corresponding beta coefficients { = 1, 2), respectively. Unlike Case 1, the
optimal demand for risky assétef agent 1 satisfies

0z
i, =12
Ip1

Intuitively, because of; < r,, the optimal demand of investor-1 for asset 1 (asset 2)
is lower (higher) when the asset returns are highly correlated. It is also found that

r<rpy <, 61<1<ﬁ2

and

or; - 001 002

>0 <0 = 1,2).
apl 9 8p, (7’ 7)
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The impact of heterogeneous risk aversion coefficients is illustrated in Figure 6.2
panels (al), (bl) and (c1). We observe very similar features to the homogeneous case
except that the optimal demands of the investors change dramatically.

6.3. Case 3.We now consider the case in which the two agents are heterogeneous in
their expected payoffs of the risky assets but homogeneous in their variance/covariance
beliefs. For fixed expected payoff for agent-2, the impact of the heterogeneous ex-
pected payoffs of agent-1 is illustrated in Figure 6.3 panels (a3), (b3) and (c3). The
optimal demand of agent-1 changes as his/her expected payoffs change. Intuitively,
agent-1 optimally holds less (more) share of the asset with lower (higher) expected
return. For agent-1, given an expected return of asset-2, as his/her expected return of
asset-1 increases, the equilibrium return of asset-1 decreases slightly while the equi-
librium return of asset-2 does not change. Correspondingly, 1 < 3;. We observe

that changing heterogeneous expected returns has a significant impact on the optimal
demands of investors, but has an insignificant effect on the equilibrium returns and
beta coefficients.

6.4. Case 4. We now add one more dimension to the discussion in Case 3 by assuming
that agents can have different beliefs on the correlation coefficients of the two risky
asset returns, for examplgy , p2) = (0,0) and(—0.5,0.5). Itis found that there is no
significant difference from what we have observed in Case 3, except lower or negative
correlation among two assets reduces the overall returns of the risky assets.

Based on the above two cases, we have found that, with respect to the equilibrium
returns and the betas of risky assets, heterogeneous beliefs in mean and correlation
structure do not generate much difference from the benchmark homogeneous case.
However, such heterogeneity leads to significant changes in agents’ optimal portfolio
positions, which may contribute to high trading volumes in the market.

6.5. Case 5.In this case we assume that agents have heterogeneous beliefs about the
variance of asset returns but have homogeneous beliefs about the expected returns.
Fig. 6.3 panels (a4), (b4) and (c4) illustrate the impact of such heterogeneity. One can
see that

Oz1y Oz12 ory 06 0
<0 >0, —>0, —>0

0o T 0on T Jon T 0on ’

For fixedo ., there exists &;; = o7 (12) (infactoy; ~ 0.114 and0.214 for 12 = 0.1

and0.15, respectively) such thaf: > 0,

< 0.

85'11

TN =T ="Tm, 61:ﬂ2:1 f0r511:51‘1

and
T <Tm<Te, [1<1<pfy foray <ajy,

> Ty > T, [P >1> [y foray > o7
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Similar features are also found for various combinationgefp,), such agp;, p2) =
(0,0), (—0.5,—0.5), except that the levels of returns increase asp, = p, increases.
This feature is also found in the homogeneous case.

6.6. Case 6. We now assume that agents have heterogeneous beliefs about both ex-
pected returns and variance/covariance. Calculations (not reported here) show that
there is no significant difference for the equilibrium returns and betas compared to
Case 5.

Based on the discussion in Cases 5 and 6, we can see that heterogeneity in vari-
ance/covariance has a significant impact on agents’ equilibrium demands of the risky
assets, equilibrium returns and beta coefficients of the risky assets, in particular, for
volatility &, near the critical valueg;,. For example, for fixedr;;, = 0.1,69; =
0.12, 599 = 0.15 andp; = py = 0.5, the following table shows the impact of different
subjective volatilities of agent-1 on asset-1. A 2% difference of agent-1's subjective
volatility a1, on the first risky asset generates an excess return of 1.7% for the first
risky asset, 0.2% for the second asset and 1% for the market portfolio. It also gener-
ates a significant change for both beta coefficients. The first asset changes from the
least risky (withG; = 0.945) to the most risky (with3; = 1.018) while the changes
are other way around for the second asset. This simple example suggests that a higher
risk premium of a risky asset may be due to the heterogeneous beliefs about variance
and covariance among the agents.

o011 r1 T T'm B B2
0.10} 0.144| 0.155] 0.149| 0.945| 1.055
0.12] 0.161| 0.157| 0.159| 1.018| 0.982

TABLE 6.1. Impact of heterogeneity of,; for fixed o5 = 0.10.

7. CONCLUSION

This paper provides an aggregation procedure for the construction of a market con-
sensus belief from the heterogeneous beliefs of different investors. This allows us to
characterize the market equilibrium in the traditional mean-variance model under the
consensus belief. Various impacts of heterogeneity are discussed. In particular, the
impact of diversity of heterogeneous beliefs is examined. We show that the market ag-
gregation behavior is a weighted average of heterogeneous individual behavior, a very
intuitive result. The weights are proportional to the individual risk tolerance and co-
variance matrix. For example, the market equilibrium price reflects a weighted average
of the individuals’ equilibrium prices under their own beliefs. We have established an
equilibrium relation between the market aggregate expected payoff of the risky assets
and the market portfolio’s expected payoff, which leads to the CAPM-like relation-
ship under heterogeneous beliefs. Our results also provide a simple explanation for the
observed empirical relation between cross-sectional volatility and expected returns.
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This paper provides a simple framework for dealing with heterogeneous beliefs and
aggregation. The intuition and results obtained can be extended to a dynamic set-
ting and this may help us to understand various types of market behaviours, such as,
long swings of the market price away from the fundamental price, market booms and
crashes, herding, volatility clustering, long-range dependence, the risk premium puz-
zle and the relation between cross-sectional volatility and expected returns to name the
most significant. This task is left for future research.

APPENDIXA. PROOF OFPROPOSITIONG.1

In the homogeneous case, we have- 0,0;; = 0;,v;; = y;,p; = pfori,j =1,2.
It follows that® = 0, W,,, = a p, = p1o+D20, 02, = 0i+03+2p0109 ANAzZ; = 7, /2.
Also, from Proposition 3.2,

P1o = él 901<0'1 + 002) P20 = ZQ 60'2(02 + ,00'1) (Al)
f f
and
3, = o1(o1 + pos) By = 02(02 + po2) (A.2)

Pi(p} +p3)oZ,’ ps(p} +p3)oz,
Note thatr; = y;/pi;, — 1(i = 1,2). In the following, we illustrate just the proof of (ii)
since the rest of Proposition 6.1 follows similarly.

It follows from (A.1) that

ory —O0, (01 + poa) %—O
oy (p1)? ’ Iy '
By usingr; = Ry + (3;(r,, — R), we have
87’1 8&1 87’m
1 =, — R+
%1®J f]&m
Note thatr,, = pfljf Then using (A.2), we obtain
ap Ooy (o1 + po 1 1
[,U/m_Rf]ﬁlz 1( 1* 2> * *\3 (o s
Y1 P (pi + p3) (pT + p3)

This implies that’”* > 0 if and only if oy + poy > 0.
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FIGURE6.1. Effect of homogeneous risk aversion, correlation coeffi-
cient, expected return and variance.
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FIGURE 6.2. Effect of heterogeneous risk aversion (al, b1, cl1) and
correlation coefficient (a2, b2, c2).
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FIGURE 6.3. Effect of heterogeneous expected return (a3, b3, c3) and
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