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1. INTRODUCTION

The Sharpe-Lintner-Mossin (Sharpe (1964), Lintner (1965), Mossin (1966)) Capi-
tal Asset Pricing Model (CAPM) plays a central role in modern finance theory. It is
founded on the paradigm of homogeneous beliefs and a rational representative agent.
However, from a theoretical perspective this paradigm has been criticized on a num-
ber of grounds, in particular concerning its extreme assumptions about homogeneous
beliefs, and information about the economic environment and computational ability
on the part of the rational representative economic agent. Within the standard mean-
variance framework, this paper seeks to introduce heterogeneous beliefs in risk pref-
erences, means and variances/covariances among agents, to analyze the aggregation
properties of their heterogeneous beliefs, to examine the impact of the heterogeneity
of beliefs on asset equilibrium price, and to establish a CAPM-like relationship under
heterogeneous beliefs.

The impact of heterogeneous beliefs among agents on the market equilibrium price
has been an important focus in the literature. A number of models with agents who
have heterogeneous beliefs have been previously studied in the literature1. A common
finding in this literature is that heterogeneous beliefs can affect aggregate markets re-
turns. In much of this earlier work, the heterogeneous beliefs reflect either differences
of opinion among the agents2 or differences in information upon which agents are
trying to learn by using some Bayesian updating rule3. Heterogeneity has been in-
vestigated in the context of either CAPM-like mean-variance models (see, for example
Lintner (1969), Miller (1977), Williams (1977) and Mayshar (1982)) or Arrow-Debreu
contingent claims models (see, for example, Varian (1985), Abel (1989, 2002), Calvet
et al. (2004) and Jouini and Napp (2006)).

In most of the cited literature, the impact of heterogeneous beliefs is studied for the
case of a portfolio of one risky asset and one risk-free asset (e.g. Abel (1989), Basak
(2000), Zapatero (1998) and Johnson (2004)). In those papers that consider a portfolio
of many risky assets and one risk-free asset, agents are assumed to be heterogeneous in
the risk preferences and expected payoffs or returns of the risky assets (e.g. Williams
(1977), Varian (1985) and Jouini and Napp (2006)), but not in the variances and co-
variances. The only exception seems to have been the early contribution of Lintner
(1969) in which heterogeneity in both means and variances/covariances is investigated
in a mean-variance portfolio context.

As suggested by the empirical study in Chanet al. (1999), while future variances
and covariances are more easily predictable than expected future returns, the difficul-
ties in doing so should not be understated. These authors argue that “While optimiza-
tion (based on historical estimates of variances and covariances) leads to a reduction

1See, for example, Lintner (1969), Williams (1977), Huang and Litzenberger (1988), Abel (1989),
Detemple and Murthy (1994), Zapatero (1998) and Basak (2000)
2See, for example, Lintner (1969), Miller (1977), Mayshar (1982), Varian (1985), Abel (1989, 2002),
Cecchettiet al. (2000)
3See, for example, Williams (1977), Detemple and Murthy (1994), Zapatero (1998)
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in volatility, the problem of forecasting covariance poses a challenge”. The variation
of dispersion in the expected payoffs of risky assets among investors can be character-
ized by heterogeneous beliefs about the variance/covariance among investors. Miller
(1977) proposes a direct relationship between a stock’srisk and itsdivergence of opin-
ion. Variation in expectations among potential investors is characterized as the stock’s
divergence of opinion. He argues that “in practice, uncertainty, divergence of opinion
about a security’s return, and risk go together”. Consequently, he proposes that “the
riskiest stocks are also those about which there is the greatest divergence of opinion”,
thus, the market clearing price of a relatively high-risk stock will be greater than that
for a relatively low-risk stock. The early empirical study by Bart and Masse (1981)
supports Miller’s proposition. Recently, Dietheret al. (2002) provide empirical ev-
idence that stocks with higher dispersion in analysts’ earnings forecasts earn lower
future returns than otherwise similar stocks, in particular for small cap stocks and
stocks that have performed poorly over the past year. Johnson (2004) offers a simple
explanation for this phenomenon based on the interpretation of dispersion as a proxy
for un-priced information risk arising when asset values are unobservable. Anget al.
(2006) examine the empirical relation between cross-sectional volatility and expected
returns and find that stocks with high sensitivities to innovations in aggregate volatility
have low average returns. Therefore, an understanding the impact of heterogeneous be-
liefs in variances and covariances on equilibrium prices, volatility and cross-sectional
expected returns is very important for a proper development of asset pricing theory.
This paper is largely motivated by a re-reading of Lintner’s early work and the recent
empirical studies. Although these earlier contributions discuss how to aggregate het-
erogeneous beliefs, the impact of heterogeneity on the market equilibrium price, risk
premia and CAPM has not been fully explored. These are the issues that are the central
contribution of this paper.

In this paper, we consider a portfolio of one risk-free asset and many risky assets
and extend the mean-variance model to allow for heterogeneity not only in the means
but also in the variances/covariances across agents. The heterogeneous beliefs are
considered as given. They reflect either differences of opinion among the agents or
differences in information. By introducing the concept of aconsensus belief, we first
show that the consensus belief can be constructed as a weighted average of the het-
erogeneous beliefs and prove that the analysis of the heterogeneous beliefs model is
equivalent to the analysis of a classical homogeneous model with the consensus be-
lief. In particular, we show that the market aggregate expected payoffs of the risky
assets can be measured by a weighted average of the heterogeneous expected payoffs
of the risky assets across the agents, in which the weights are given by the heteroge-
neous covariance matrices adjusted by the risk aversion coefficients of the agents. We
then examine various aggregation properties, including the impact of heterogeneity on
the market equilibrium price, volatility, risk premium and agents’ optimal demands in
equilibrium. We show that the market equilibrium price is a weighted average of the
equilibrium prices under the separate beliefs of each agent. We also establish an equi-
librium relation between the market aggregate expected payoff of the risky assets and
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the market portfolio’s expected payoff, leading to a CAPM-like relation under hetero-
geneous beliefs. An exact formula for theβ coefficient under heterogeneous beliefs
is derived. Consequently, the standard CAPM in return under homogeneous belief is
extended to the one under heterogeneous beliefs. As a special case, our result pro-
vides a simple explanation for the observed empirical relation between cross-sectional
volatility and expected returns.

An example of two risky assets and two heterogeneous beliefs is used to illustrate
various impacts of heterogeneous beliefs on the equilibrium demands of heterogeneous
agents and the equilibrium returns of the risky assets and the market portfolio. In
particular we examine the impact of the heterogeneous beliefs on theβ coefficient.

The paper is organized as follows. Heterogeneous beliefs are introduced and the
standard mean-variance analysis is conducted in Section 2. In Section 3, we first intro-
duce a consensus belief, and show how the consensus belief can be constructed from
heterogeneous beliefs. We then derive the market equilibrium price of risky assets
based on the consensus belief. Aggregation properties and the impact of diversified
beliefs are examined in Section 4. In Section 5, we extend the traditional CAPM un-
der homogeneous belief to the one under heterogeneous beliefs. An example of two
agents and two beliefs is presented in Section 6 to illustrate the different impact of
heterogeneity on the equilibrium optimal demands, returns of risky assets and market
portfolio, and the correspondingβ coefficients. Section 7 concludes.

2. MEAN-VARIANCE ANALYSIS UNDER HETEROGENEOUSBELIEFS

The static mean-variance model considered in this section is standard except that
we allow the agents to have different risk preferences, subjective means, variances
and covariances. Consider a market with one risk-free asset andK(≥ 1) risky assets.
Let the current price of the risk-free asset be 1 and its payoff beRf = 1 + rf . Let
x̃ = (x̃1, · · · , x̃K)T be the payoff vector of the risky assets, wherex̃k = p̃k + d̃k(k =
1, · · · , K) correspond to the cum-prices.

Assume that there areI investors in the market indexed byi = 1, 2, · · · , I. The
heterogeneous (subjective) beliefBi = (Ei(x̃), Ωi) of investori is defined with respect
to the means, variances and covariances of the payoffs of the risky assets4

yi = Ei(x̃) = (yi,1, yi,2, · · · , yi,K)T , Ωi = (σi,kl)K×K ,

where
yi,k = Ei[x̃k], σi,kl = Covi(x̃k, x̃l) (2.1)

for i = 1, 2, · · · I andk, l = 1, 2, · · · , K.
Let zi,o andz̄i,o be the absolute amount and the endowment of investori in the risk-

free asset, respectively, and

zi = (zi,1, zi,2, · · · , zi,K)T and z̄i = (z̄i,1, z̄i,2, · · · , z̄i,K)T

4The heterogeneity considered in this paper is quite general. It may be due to the heterogeneous prob-
ability beliefs in an Arrow-Debreu economy, or heterogeneous information, or differences of opinion
among agents.
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be the risky portfolio and the endowment, respectively, of investori in absolute amount
of the risky assets. Then the end-of-period wealth of the portfolio for investori is

W̃i = Rfzio + x̃Tzi.

Then, under the beliefBi, the expected value and variance of portfolio wealthW̃i are
given, respectively, by

Ei(W̃i) = Rfzi,o + yT
i zi, σ2

i (W̃i) = zT
i Ωizi. (2.2)

We now make the following standard assumptions under the mean-variance frame-
work.

(H1) Assume the expected utility of the wealth generated from the portfolio(zi,o, zi)

of investori has the formVi(Ei(W̃i), σ
2
i (W̃i)), whereVi(x, y) is continuously

differentiable and satisfiesVi1(x, y) = ∂Vi(x, y)/∂x > 0 and Vi2(x, y) =
∂Vi(x, y)/∂y < 0.

(H2) Assume−2Vi2(x, y)/Vi1(x, y) to be a constantθi for all (x, y), i.e.

θi =
−2Vi2(x, y)

Vi1(x, y)
= const.

Assumption (H1) is in particular consistent with the constant absolute risk aversion
(CARA) utility function Ui(w) = −e−Aiw with normally distributedw. HereAi > 0
corresponds to the CARA coefficient. In this case, investor-i’s optimal investment
portfolio is obtained by maximizing the certainty-equivalent of his/her future wealth,
Ci(W̃i) = Ei(W̃i)− Ai

2
V ari(W̃i), and thereforeVi(x, y) = x− Ai

2
y. Under assumption

(H2), θi = Ai, which is the absolute risk aversion of investori. Based on this, we refer
to θi as the risk aversion measure of investori.

Under (H1), the optimal portfolio of investor-i of risky assetsz∗i and risk-free asset
z∗io is determined by

max
zio,zi

Vi(Ei(W̃i), σ
2
i (W̃i))

subject to the budget constraint

zi,o + pT
o zi = z̄i,o + pT

o z̄i, (2.3)

wherepo = (p1o, p2o, · · · , pKo)
T is the vector of market equilibrium prices of the risky

assets, which is to be determined. We can then obtain the following Lemma 2.1 for the
optimal demand of investori in equilibrium.

Lemma 2.1. Under assumptions (H1) and (H2), the optimal risky portfolioz∗i of in-
vestori at the market equilibrium is given by

z∗i = θ−1
i Ω−1

i [yi −Rfpo]. (2.4)

Proof. Let λi be the Lagrange multiplier and set

L(zi,o, zi, λi) := Vi(Ei(W̃i), σ
2
i (W̃i)) + λi[(z̄i,o + pT

o z̄i)− (zi,o + pT
o zi)].
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Then the optimal portfolio of agenti is determined by the first order conditions

Vi1
∂Ei(W̃i)

∂zi,o

= λi, (2.5)

Vi1
∂Ei(W̃i)

∂zi,k

+ Vi2
∂σ2(W̃i)

∂zi,k

= λipko, k = 1, 2, · · · , K. (2.6)

From equation (2.2) we have

∂Ei(W̃i)

∂zi,o

= Rf ,
∂Ei(W̃i)

∂zi,k

= yi,k,
∂σ2(W̃i)

∂zi,k

= 2
K∑

l=1

σi,klzi,l

for k = 1, 2, · · · , K. Then (2.5) and (2.6) become

Vi1Rf = λi, (2.7)

Vi1yi,k + 2Vi2

K∑

l=1

σi,klzi,l = λipko, k = 1, 2, · · · , K. (2.8)

Substituting (2.7) into (2.8) leads to

Vi1[yi,k −Rfpko] + 2Vi2

K∑

l=1

σi,klzi,l = 0, k = 1, 2, · · · , K, (2.9)

which in matrix notation can be written as

Vi1[yi −Rfpo] + 2Vi2Ωizi = 0.

This, together with assumption (H2), leads to the optimal portfolio (2.4) of investori
at the market equilibrium. ¤

Lemma 2.1 shows that the optimal demand of investor-i is determined by his/her
risk aversionθi and his/her belief about the expected payoffs and variance/covariance
matrix of the risky assets’ payoffs. We will see that, in the market equilibrium, the
optimal demand depends on the dispersion of expected payoffs of investor-i from the
expected aggregate market payoff.

3. CONSENSUSBELIEF AND EQUILIBRIUM ASSETPRICES

In this section, we first define a consensus belief. By construction, we show the
existence and uniqueness of the consensus belief. The market equilibrium prices of
risky assets are then derived by using the consensus belief.

A marketequilibrium is a vector of asset pricespo determined by the individual
demands (2.4) together with the market aggregation condition

I∑
i=1

z∗i =
I∑

i=1

z̄i = zm, (3.1)
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which defines amarket portfolio . To characterize the market equilibrium, we intro-
duce the following definition ofconsensus belief.

Definition 3.1. A beliefBa = (Ea(x̃), Ωa), defined by the expected payoff of the risky
assetsEa(x̃) and the variance and covariance matrix of the risky asset payoffsΩa, is
called aconsensus beliefif and only if the equilibrium price under the heterogeneous
beliefs is also the equilibrium price under the homogeneous beliefBa.

We now show how such a consensus belief can be uniquely constructed and how the
market equilibrium price can be characterized by the consensus belief.

Proposition 3.2. Under assumptions (H1) and (H2), let

Θ =

[
1

I

I∑
i=1

(1/θi)

]−1

.

Then

(i) the consensus beliefBa is given by

Ωa = Θ−1

(
1

I

I∑
i=1

θ−1
i Ω−1

i

)−1

, (3.2)

ya = Ea(x̃) = ΘΩa

(
1

I

I∑
i=1

θ−1
i Ω−1

i Ei(x̃)

)
; (3.3)

(ii) the market equilibrium pricepo is determined by

po =
1

Rf

[
Ea(x̃)− 1

I
ΘΩazm

]
; (3.4)

(iii) the equilibrium optimal portfolio of agenti is given by

z∗i = θ−1
i Ω−1

i

[
(yi − ya) +

1

I
ΘΩazm

]
. (3.5)

Proof. It follows from the individuals demand (2.4) and the market clearing condition
(3.1) that

zm =
I∑

i=1

z̄i =
I∑

i=1

z∗i =
I∑

i=1

θ−1
i Ω−1

i [yi −Rfpo]. (3.6)

Under the definitions (3.2) and (3.3), equation (3.6) can be rewritten as

zm =
I∑

i=1

θ−1
i Ω−1

i yi − IRfΘ
−1Ω−1

a po

= IΘ−1Ω−1
a

[
ΘΩa

1

I

I∑
i=1

θ−1
i Ω−1

i yi −Rfpo

]

= IΘ−1Ω−1
a [Ea(x̃)−Rfpo]. (3.7)
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This leads to the market equilibrium price (3.4). Inserting (3.4) into the optimal de-
mand function of investor-i in (2.4) we obtain the equilibrium demand (3.5) of investor-
i for the risky assets. The uniqueness of the consensus belief follows from the unique-
ness of the equilibrium price and the construction. ¤

Proposition 3.2 shows not only the existence of the unique consensus belief but
also how it can be constructed from the heterogeneous beliefs. The equilibrium asset
pricing formula is the standard one under the consensus belief. Proposition 3.2 is one
of the main results of this paper and its implications are explored in the following
section.

4. AGGREGATIONPROPERTIES AND THEIMPACT OF HETEROGENEITY IN

BELIEFS

In this paper, heterogeneity is characterized by the diversity in risk aversion coeffi-
cients, expected payoffs and variance/covariance matrices of the payoffs of the risky
assets. Understanding the impact of such diversity under market aggregation is impor-
tant for a proper understanding of asset pricing theory. In this section, we examine the
impact of heterogeneity from several different perspectives.

4.1. The aggregation effect of diversity in risk aversion coefficients.If we treatθi

as the absolute risk aversion coefficient of investor-i, then the coefficientΘ defined in
Proposition 3.2 corresponds to theharmonic meanof the absolute risk aversion of all
the investors (e.g. Huang and Litzenberger (1988)). The aggregate property of the risk
aversion coefficient can be examined from two different perspectives.

First, given the fact thatf(x) = 1/x, x > 0 is a decreasing and convex function, we
have5

Θ ≤ 1

I

I∑
i=1

θi. (4.1)

This implies that the aggregate risk aversion coefficientΘ is smaller than the average
of the risk aversion coefficients among investors.

Secondly, the aggregation property of the risk aversions can be characterized via
a mean-preserving spreadin the distribution of the risk aversion coefficientsθi. The
mean-preserving spread is a standard technique developed in Rothschild-Stiglitz (1970)
to measure the stochastic dominance among risky assets. We extend this technique to
examine the effect of the diversity of the risk aversions.

To illustrate, assumeI = 2 and let the risk aversion coefficients be{θ1, θ2}, with
θ1 < θ2. That is investor-2 is more risk averse than investor-1. Defineθ := (θ1 + θ2)/2
as the mean (or average) risk aversion. The aggregate risk aversion in this case can be
written as

Θ = 2
θ1θ2

θ1 + θ2

=
θ1θ2

θ

5 In fact, for any continuous convex functionf(x), f(
∑n

i=1 αixi) ≤
∑n

i=1 αif(xi) holds forαi > 0
satisfying

∑n
i=1 αi = 1. The equality holds if and only if allxi are the same.
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Assume now that the risk aversion coefficients change into the following{θ′1, θ′2} =
{θ1 − ε, θ2 + ε} with θ1 > ε > 0, this represents a mean-preserving spread in the risk
aversion coefficients andε > 0 measures the dispersion of heterogeneous belief in the
risk aversions around the mean. The mean risk aversion is againθ, but the aggregate
risk aversion becomes

Θ′ =
(θ1 − ε)(θ2 + ε)

θ
Given that

(θ1 − ε)(θ2 + ε) = θ1θ2 − ε(θ2 − θ1)− ε2 < θ1θ2,

it turns out thatΘ′ < Θ. This implies that a mean-preserving spread in risk-aversion
coefficients can reduce the risk aversion coefficient under aggregation. In particular,
if ε is very close toθ1, the aggregate risk aversionΘ′ is very close to 0, and hence the
market is close to a risk-neutral market.

The above analysis indicates that aggregation of diversified risk preferences among
heterogeneous agents makes the market become less risk averse. Intuitively, the market
is dominated by investors who are less risk averse.

4.2. The aggregation effect of diversity in variances and covariances.It follows
from (3.2) that the inverse of the aggregate covariance matrix is a risk-adjusted weighted
average (with weightsΘ/(Iθi)) of the inverses of the covariance matrices of the het-
erogeneous investors.

To investigate the aggregation property of the variance and covariance, we first
compare the variances of any portfolio under both the aggregate covariance matrix
and the average of the heterogeneous covariance matrices. More precisely, we use
both the aggregated covariance matrixΩa and the weighted average covariance matrix
Ω̄ = (Θ/I)

∑n
i=1 θ−1

i Ωi and calculate the respective variances of any given portfolio
z, namely

σ2
a(z) = zT Ωaz, σ2(z) = zT Ω̄z.

It would be interesting to know ifσ2
a(z) ≤ σ2(z). It is not clear at this stage if this

is true in general, however, it is true when the payoffs of the different assets are un-
correlated. As a matter of a fact, in this case, it follows from (3.2) that the aggregate
variance of assetj is given by

(σ2
a,j)

−1 =
Θ

I

I∑
i=1

θ−1
i (σ2

i,j)
−1 (4.2)

and thereforeσ2
a,j is a (weighted) harmonic mean of the variance beliefs. Using again

the result in footnote 5, we see that equation (4.2) implies that

σ2
a,j ≤

1

I

I∑
i=1

Θ

θi

σ2
i,j = σ̄2

j . (4.3)

Hence, when asset payoffs are uncorrelated, the variance of any portfolio under the
aggregate variance is smaller than that under the weighted average variance.
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Similarly to the discussion in Section 4.1, it is interesting to examine the effect of
the mean-preserving spread in variance/covariance beliefs. The implication is not clear
in general. We only consider the case when asset payoffs are uncorrelated. In this case,
when the beliefs about the risk aversion coefficients are homogeneous (i.e.θi = θ for
all i), σ2

a,j is a harmonic mean of the variance beliefs. Applying the same argument as
in Section 4.1, we can conclude that a mean-preserving spread in variance beliefs can
reduce the asset risk under aggregation. However, this result is also true under certain
conditions when the risk aversion coefficients are heterogeneous. This is illustrated by
the following example.

Example. Let I = 2 and the risk aversion coefficients beθ1, θ2. Assume the payoffs
of the risky assets are uncorrelated and the variance beliefs of the two investors in asset
j areσ2

1,j, σ2
2,j, with σ2

1,j < σ2
2,j. Define

σ2
j =

θ1σ
2
1,j + θ2σ

2
2,j

θ1 + θ2

as the weighted average variance. In this particular case(σ2
a,j)

−1 can be rewritten as

(σ2
a,j)

−1 =
Θ

2

(
1

θ1σ2
1,j

+
1

θ2σ2
2,j

)
=

σ2
j

σ2
1,jσ

2
2,j

,

that is,

σ2
a,j =

σ2
1,jσ

2
2,j

σ2
j

Assume that the variance beliefs of the two investors in assetj′ 6= j are
{
σ2

1,j′ , σ
2
2,j′

}
=

{
σ2

1,j − ε, σ2
2,j + δ

}
, σ2

1,j > ε > 0, δ = εθ1/θ2,

that is the variance beliefs about assetj′ is a mean-preserving spread in variance beliefs
about assetj. The weighted average variance of assetj′ is againσ2

j , but the aggregate
variance becomes

σ2
a,j′ =

(σ2
1,j − ε)(σ2

2,j + δ)

σ2
j

.

In this case we obtain thatσ2
a,j′ < σ2

a,j iff

(σ2
1,j − ε)(σ2

2,j + εθ1/θ2) < σ2
1,jσ

2
2,j,

which is equivalent to

θ2 >
σ2

1,j − ε

σ2
2,j

θ1. (4.4)

Condition (4.4) implies that, on the one hand, a mean-preserving spread in variance be-
liefs reduces the aggregate market risk of risky assetj′ when an investor (here investor-
2) who believes the asset is more risky (measured by higherσ2,j), is more risk averse
(in the sense of (4.4)). On the other hand, a mean-preserving spread in variance beliefs
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increases the aggregate market risk of risky assetj′ when an investor (here investor-2)
who believes the asset is more risky, is less risk averse.

By assuming that investors are risk averse, we can use the above example to explain
the empirical relation between cross-sectional volatility and expected returns reported
by Diether et al. (2002) and Anget al. (2006). They found empirical evidence that
stocks with higher dispersion in analysts’ earnings forecasts earn lower future returns
than otherwise similar stocks. Assume that both investors in the above example have
homogeneous beliefs about the expected payoffs of risky assetsj andj′ but heteroge-
neous about risk aversion coefficients and variances of the assets. We also assume the
variance beliefs about assetj′ is a mean-preserving spread of variance beliefs about as-
setj. If investor-2 is more risk averse than investor-1 (in the sense of condition (4.4)),
then it follows from the example that the aggregate variance of assetj′ is less than that
of assetj. Thus, from the equilibrium price equation (3.4), the equilibrium price for
assetj′ is higher than the equilibrium price for assetj. This in turn implies that asset
j′ has lower expected return than assetj. In other word, stocks with higher dispersion
in expected payoffs have higher market clearing prices and earn lower future expected
returns than otherwise similar stocks. This result is consistent with Miller’s proposi-
tion that divergence of opinion and risk “go together”. It is also interesting to see that
this kind of argument cannot hold when investors have homogeneous beliefs.

4.3. The aggregation effect of diversity in expected payoffs.Given that(ΘΩa)
−1 =

(1/I)
∑I

i=1 θ−1
i Ω−1

i , equation (3.3) indicates that the aggregate expected payoff of
risky assets under the consensus beliefBa is a weighted average of the heterogeneous
expected payoffs of the risky assets. On the one hand, if investors agree on the expected
payoff Ei(x̃) = Eo(x̃), then it follows from (3.3) thatEa(x̃) = Eo(x̃), although they
may disagree on their risk preferences, variances and covariances. On the other hand,
if investors agree on the variance and covariance, then

Ea(x̃) =
1

I

I∑
i=1

Θ

θi

Ei(x̃), (4.5)

which reflects a weighted average opinion of the market on the expected payoffs of
risky assets. In this case, the expected market payoff is dominated by investors who
are less (more) risk averse and believe in a higher (lower) expected payoff, as we
would expect in bull (bear) market, although such dominance may be asymmetric for
bull and bear markets. Otherwise, the aggregate expected payoff may be unchanged
even if investors have divergent opinions on their expected payoffs, as long as they are
balanced. This discussion implies that the aggregate payoffEa(x̃) is affected by the
covariance beliefs only when investors disagree on both the expected payoffs and co-
variances. The impact of a mean-preserving spread in either risk aversion coefficients
or variance matrices on the expected aggregate payoffs is less clear in general and we
leave an analysis of this issue to future research.
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4.4. The impact of heterogeneity on the market equilibrium price. The market
equilibrium price (3.4) in Proposition 3.2 (ii) is exactly the same as the traditional
equilibrium price for a representative agent holding the consensus beliefBa. If we
definepi,o as the equilibrium price vector of the risky assets for investori as if he/she
were the only investor in the market, then we would have

pi,o =
1

Rf

[Ei(x̃)− θiΩiz̄i].

Equation (3.4) can then be rewritten as

po = ΘΩa

[
1

I

I∑
i=1

θ−1
i Ω−1

i pi,o

]
. (4.6)

Therefore, the aggregate market equilibrium price is a weighted average of each agent’s
equilibrium price under his/her belief if he/she were the only agent in the market. Con-
sistent with Miller’s argument, the market price may reflect the expectations of only
the most optimistic minority, as long as this minority can absorb the entire supply of
stock.

Equation (3.4) indicates that the market equilibrium price depends on the aggregate
expected payoffEa(x̃) and the equity risk premiumΘΩazm/I. The equity risk pre-
mium is proportional to both the aggregate risk aversion coefficientΘ and the covari-
ance between the risky assets and the average market portfolioΩazm/I. The diversity
of heterogeneous beliefs in variances and covariance will affect the equity risk pre-
mium. In particular, a mean-preserving spread in variance beliefs when asset payoffs
are uncorrelated will reduces the aggregate variances of stocks, leading to a lower eq-
uity risk premium and therefore a higher market price. When both the risk aversion
coefficients and the market portfolio are bounded (as is often the case), the equity risk
premium becomes smaller when the number of investors increases. In the limiting
case, the equity risk premium tends to zero asI →∞, and hence

po ≈ 1

Rf

Ea(x̃) =
1

Rf

Ea(p̃ + d̃). (4.7)

This is the traditionalrisk-neutral discount equity value formulaunder the expected
aggregate payoff of heterogeneous beliefs, which we see may be a reasonable approx-
imation in a market with heterogeneous beliefs if the number of different beliefs is
sufficiently large.

4.5. The impact of heterogeneity on the optimal demands and trading volume.
Proposition 3.2 (iii) indicates that the equilibrium demand of an individual investor has
two components. The first termθ−1

i Ω−1
i [Ei(x̃) −Ea(x̃)] corresponds to the standard

demand. It reflects the dispersion of the investor’s expected payoff from the aggregate
expected payoff. The second term(Θ/θi)Ω

−1
i Ωazm/I reflects the dispersion of the in-

vestor’s belief on variance and covariance from the aggregate variance and covariance.
When an investor’s expected payoff is the same as the aggregate expected payoff, that
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is, Ei(x̃) = Ea(x̃), the investor’s demand is simply determined by the second com-
ponent. When investors are homogeneous in the risk aversion coefficientθi = θo and
the covariance matrixΩi = Ωo, the second component reduces tozm/I, which is the
average share of the market portfolio. In this case, the equilibrium demand of investor
i is reduced to

z∗i = θ−1
o Ω−1

o [Ei(x̃)− Ea(x̃)] + zm/I, (4.8)
and the market equilibrium price is reduced to

po =
1

Rf

[Ea(x̃)− θoΩozm/I], where Ea(x̃) =
1

I

I∑
i=1

Ei(x̃). (4.9)

From (4.8), one can see that the optimal portfolio of investor is different from the
market portfolio unless the investor’s belief is same as the market aggregate belief.
One can also see from (4.8) and (4.9) that a mean-preserving spread in the distribution
of the expected payoffs among investors will not change the equilibrium price, but will
spread optimal demands among investors around the average market portfolio, this in
turn will increase the trading volume in the market. This implies that a high trading
volume due to diversified beliefs about asset expected payoffs may not necessarily
lead to high volatility of asset prices. If the dispersion of investors’ expected payoffs
from the average expected payoff does not change, investors demands will not change.
However a high average of the expected payoffs will lead to a high market equilibrium
asset price. This suggests that a higher (or lower) market price due to a higher (or
lower) averaged expected payoff may not necessarily lead to higher trading volume.

5. THE CAPM-LIKE RELATIONSHIP UNDERHETEROGENEOUSBELIEFS

We now explore the impact of heterogeneity on the CAPM relationship, which con-
stitutes the second main set of results of this paper. For the market portfoliozm, its
value in the market equilibrium is given byWm,o = zT

mpo and its future payoff is given
by W̃m = x̃Tzm. Hence, under the consensus beliefBa,

Wm = Ea(W̃m) = Ea(x̃)Tzm, σ2
m = V ar(W̃m) = zT

mΩazm. (5.1)

Based on Proposition 3.2 and the above observation, we obtain the followingCAPM-
like price relation under heterogeneous beliefs. We shall call this relationship theHet-
erogeneous CAPM(HCAPM ) in price.

Proposition 5.1. In equilibrium the market aggregate expected payoff of the risky as-
sets are related to the expected payoff of the market portfoliozm by the CAPM-like
price relation

Ea(x̃)−Rfpo =
1

σ2
m

Ωazm[Ea(W̃m)−RfWm,o], (5.2)

or equivalently,

Ea(x̃k)−Rfpk,o =
σ(W̃m, x̃k)

σ2
m

[Ea(W̃m)−RfWm,o], k = 1, 2, · · · , K, (5.3)
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whereΩa = (σkj)K×K andσ(W̃m, x̃k) =
∑K

j=1 zm,jσkj for k = 1, · · · , K corresponds
to the covariance of the market aggregate payoffs of the risky assetk and the aggregate
market portfolio payoffW̃m.

Proof. From (3.7) and (5.1),

0 < σ2
m = IΘ−1[Ea(W̃m)−RfWm,o]

and hence
Ea(W̃m)−RfWm,o = Θσ2

m/I. (5.4)
On the other hand, from (3.4),

Ea(x̃)−Rfpo = ΘΩazm/I.

This last equation, together with (5.4), lead to the CAPM-like price relation (5.2) under
heterogeneous beliefs in vector form. ¤

The HCAPM price relation (5.2) can be converted to the standard CAPM-like return
relation. Define the returns

r̃j =
x̃j

pj,o

− 1, r̃m =
W̃m

Wm,o

− 1.

and set

Ea(r̃j) =
Ea(x̃j)

pj,o

− 1, Ea(r̃m) =
Ea(W̃m)

Wm,o

− 1.

With these notations, we can obtain from (5.2) the following HCAPM relation between
returns of risky assets and the market portfolio.

Corollary 5.2. In equilibrium, the HCAPM price relation (5.2) can be expressed in
terms of returns as

Ea[r̃]− rf1 = β[Ea(r̃m)− rf ], (5.5)
where

β = (β1, β2, · · · , βK)T , βk =
cova(r̃m, r̃k)

σ2
a(r̃m)

, k = 1, · · · , K,

and the mean and variance/covariance of returns under the consensus beliefBa are
defined similarly.

Proof. We divide throughout bypk,o on both sides of (5.3), then

[Ea(r̃k)+1]−[rf+1] =
Wmoσ(W̃m, x̃k)

pkoσ2
m

[(Ea(r̃m)+1)−(rf+1)], k = 1, 2, · · · , K.

That is,
Ea(̃rk)− rf = βk[Ea(r̃m)− rf ], k = 1, 2, · · · , K,

where

βk =
Wm,o

pk,o

σ(W̃m, x̃k)

σ2
m

=
cova(x̃k/pk,o, W̃m/Wm,o)

V ara(W̃m/Wm,o)
=

cova(r̃m, r̃k)

σ2
a(r̃m)

.
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¤

The equilibrium relation (5.5) is the standard CAPM except that the mean and vari-
ance/covariance are calculated based on the consensus beliefBa. Theβ coefficients
of risky assets depend upon not only the covariance between the market returns and
asset returns, but also the aggregation of the heterogeneous beliefs. The effect of
heterogeneity on theβ coefficients and their potential to explain the well-known risk
premium puzzle are left for future research.

6. THE CASE OFTWO RISKY ASSETS ANDTWO BELIEFS

In this section, we illustrate the different impact of heterogeneity on the equilibrium
optimal demands (of heterogeneous agents), returns of risky assets and market portfo-
lio and the corresponding beta’s of risky assets, by considering a simple market with
two risky assets and one risk-free asset. We assume that there are two agents who may
have different beliefs.

To facilitate our analysis, we recall the connection between asset payoffs and asset
returns. For assetj (j = 1, 2), the rate of returñrj and the payoff̃xj are related by
x̃j = xjo(1 + r̃j), wherexjo > 0 is a constant. Fori, j = 1, 2, set

µi,j = Ei(r̃j), σ̄2
i,j = V ari(r̃j), σ̄i,12 = Covi(r̃1, r̃2), ρ̄i =

σ̄i,12

σ̄i,1σ̄i,2

.

Then

yi,j = Ei(x̃j) = xj,o(1 + µi,j), σi,j = xj,oσ̄i,j,

and

σi,12 = x1ox2oσ̄i,12, ρi =
σi,12

σi,1σi,2

= ρ̄i.

Hence the expected payoffs and variance/covariance matrix of the two risky asset pay-
offs are, respectively,

yi =

(
yi1

yi2

)
, Ωi =

(
σ2

i1 ρiσi1σi2

ρiσi1σi2 σ2
i2

)
, i = 1, 2.

As a benchmark, we consider the corresponding homogeneous case where

µ1 = µi,1, µ2 = µi,2, σ̄1 = σi,1, σ̄2 = σi,2, ρ̄ = ρi (6.1)

for i = 1, 2. Let rj = Ea(r̃j), rm = Ea(r̃m) be the equilibrium return of assetj(j =
1, 2) and market portfolio respectively, andrf be the risk-free rate.

To explore the different impact of agent heterogeneity on the equilibrium portfolio
of agents and market equilibrium returns of the risky assets, the market portfolio and
the betas, we consider the following six cases.
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6.1. Case 1.We first consider the homogenous case and examine the impact of chang-
ing the absolute risk aversion coefficient, the mean, variance, and the correlation co-
efficient on the optimal demands (of investors), the equilibrium returns and the cor-
responding betas of the risky assets. The following Proposition 6.1 about the ho-
mogeneous agent case is helpful in understanding the impact of different aspects of
heterogeneity in the subsequent cases.

Proposition 6.1. For a market with two risky assets and one risk-free asset, if agents
are homogeneous with respect to the risk aversion coefficientθ, the expected payoffs
y = (y1, y2), and the variance and covariance structureρ, σ1, σ2, then

(i) the equilibrium demand of investori is an equal share of the market portfolio
z∗i = zm/2;

(ii) in terms of the expected payoff of the 1st risky asset (y1), we have

∂r2

∂y1

= 0,
∂β2

∂y1

> 0

and
∂r1

∂y1

< (>, =)0,
∂β1

∂y1

< (>, =)0 iff σ1 + ρσ2 > (<, =)0;

(iii) in terms of the volatility of the 1st risky asset (σ1), we have

∂r1

∂σ1

> 0 iff ρ >
−2σ1

σ2

;
∂r2

∂σ1

> 0 iff ρ > 0

and

∂β1

∂σ1

> 0 iff ρ >
−2σ1

σ2

and
r1

σ1

>
rm

σm

2(σ1 + ρσ2)
2

σm(2σ1 + ρσ2)
,

∂β2

∂σ1

< 0 iff ρ > − σ1σ2

σ2
1 + σ2

2 + σ1σ2

;

(iv) in terms of the risk aversion coefficient (θ), we have

∂r1

∂θ
> 0 iff σ1 > −ρσ2;

∂r2

∂θ
> 0 iff σ2 > −ρσ1

and
∂β1

∂θ
< 0 iff r1W

2
m,o < rm;

∂β2

∂θ
< 0 iff r2W

2
m,o < rm;

(v) in terms of the correlation coefficient (ρ), we have

∂r1

∂ρ
> 0,

∂r2

∂ρ
> 0

and
∂β1

∂ρ
> 0 iff

r1

σ1

> 2
rm

σm

σ1 + ρσ2

σmW 2
m,o

,
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∂β2

∂ρ
> 0 iff

r2

σ2

> 2
rm

σm

σ2 + ρσ1

σmW 2
m,o

,

Proof. See Appendix A. ¤
When agents are homogeneous, the result in Proposition 6.1(i) is very intuitive.

Changing mean and variance/covariance does not change the equilibrium demands for
risky assets. This simply illustrates the no-trade theorem in the homogeneous and rep-
resentative agent literature. Propositions 6.1(ii)-(v) indicate that changes in expected
payoff, variance, correlation coefficient and the risk aversion coefficient have different
impacts on equilibrium returns and beta coefficients of the risky assets. To illustrate
these impacts, we choose

µ1 = 0.1, µ2 = 0.12, σ̄1 = 0.12, σ̄2 = 0.15, ρ̄ = 0.5, rf = 0.05, θ = 1, xj,o = 10.
(6.2)

Hence
y1 = 11, y2 = 11.2, σ1 = 1.2, σ2 = 1.5, ρ = 0.5. (6.3)

Assume that the initial endowment of the two risky assets are 0.5 and 0.5, respectively
for both investors. This leads to a market portfolio of one share for both risky assets.
These are the parameters we will use in our following discussion on various cases
unless stated otherwise. The discussions are illustrated by using various figures, in
which the blue (or dark) surface corresponds to asset-1 and the green (or grey) surface
corresponds to asset-2.

Proposition 6.1 is illustrated in Figure 6.1. Proposition 6.1 (ii) shows that, an in-
crease of the expected payoff of asset-1 doesn’t change the equilibrium return of asset-
2, but increases the beta coefficient for asset-2, and correspondingly the expected re-
turn of the market portfolio decreases. Also, an increase of expected payoff of asset-1
decreases (increases) the equilibrium return and the beta coefficient of asset-1 when
σ1 + ρσ2 > 0(< 0). A similar argument can be used for the case when the expected
payoff of asset-2 changes. This result is illustrated in Figure 6.1 panels (A3) and (B3)6.

The impact of changing variance on the equilibrium returns and betas is more com-
plicated. Assume that both asset payoffs are positively correlated. From Proposition
6.1 (iii), the equilibrium returns for both assets increase as the volatility of asset-1 in-
creases. Also, the beta coefficient increases for asset-1 but decreases for asset-2. This
is illustrated in Figure 6.1 panels (A2) and (B2). For fixedσ2, a high volatility inσ1 is
associated with high return for asset-1 while the return for asset-2 is almost unchanged.
Figure 6.1 (B2) demonstrates that changing volatility (and hence the covariance) has a
significant impact on beta coefficients of the risky assets.

Figure 6.1 panels (A1) and (B1) illustrate the equilibrium returns(r1, r2) and β
coefficients of the risky assets for changing absolute risk aversion (CARA) coefficient
θ and correlation coefficientρ. It is found thatr1 < r2 andβ1 < 1 < β2. With respect
to the risk aversion coefficient, one can see from Figure 6.1 panels (A1) and (B1) that,

6In all the figures, the expected returnµi,j , rather than the expected payoffyi,j , is used for convenience.
Sincedyi,j/dµi,j > 0, this replacement does not change the results.



18 CHIARELLA, DIECI AND HE

as investors become more risk averse, returns of the risky assets increase significantly
and the beta coefficient of the first risky assets decreases while the beta coefficient of
the second risky assets increases. Also, it follows from Proposition 6.1 (iv) that, for the
givenσi(i = 1, 2), if ρ < −σ1/σ2(= −0.8), the return of the first asset will decrease
as agents become more risk averse. Hence one of the asset returns may decrease when
two risky assets are highly negatively correlated.

From Proposition 6.1 (v), one can see that an increase in correlation of asset payoffs
improves the returns of the risky assets and the market portfolio. This is clearly indi-
cated in Figure 6.1 panel (A1). More interestingly, Figure 6.1 panels (A1) and (B1)
indicate that the correlation coefficientρ plays a less significant role in determining
the equilibrium return but a more significant role in determining theβ of the assets.
On the other hand, the risk aversion coefficient has a more significant impact on the
equilibrium return but a less significant impact on theβ of the assets.

Based on the above analysis, one can see that the equilibrium returns of the risky
assets are strongly influenced by the change of the CARA coefficient, followed by the
standard deviation, the correlation coefficient, and the expected payoff of the assets.
As far as the beta coefficients are concerned, they are mostly influenced by changes of
the correlation coefficient, followed by the standard deviation, the CARA coefficient
and the expected payoff of the assets. Overall, both the returns and beta coefficients
are strongly influenced by changes in the standard deviation and weakly influenced by
changes in the expected payoff of the assets. This observation underlines the signifi-
cant impact of heterogeneity in the variance/covariance to be discussed below.

We now consider various aspects of heterogeneity among the two agents and ex-
amine the impacts of these heterogeneities on the equilibrium demands in the optimal
portfolio of investors, the equilibrium returns of risky assets and the market portfolio,
and the correspondingβ coefficients for the risky assets.

6.2. Case 2.First, we assume that agents are homogeneous except for having hetero-
geneous beliefs about the correlation coefficients of the risky assetsρ1 andρ2. Figure
6.2 panels (a2), (b2) and (c2) illustrate the impact on the equilibrium demands for
the risky assets (z11, z12) for investor-1, the equilibrium returns of risky assets (r1, r2),
and the corresponding beta coefficients (βi, i = 1, 2), respectively. Unlike Case 1, the
optimal demand for risky asset-j of agent 1 satisfies

∂z1i

∂ρ1

< 0, i = 1, 2.

Intuitively, because ofr1 < r2, the optimal demand of investor-1 for asset 1 (asset 2)
is lower (higher) when the asset returns are highly correlated. It is also found that

r1 < rm < r2, β1 < 1 < β2

and
∂ri

∂ρi

> 0,
∂β1

∂ρi

> 0,
∂β2

∂ρi

< 0 (i = 1, 2).
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The impact of heterogeneous risk aversion coefficients is illustrated in Figure 6.2
panels (a1), (b1) and (c1). We observe very similar features to the homogeneous case
except that the optimal demands of the investors change dramatically.

6.3. Case 3.We now consider the case in which the two agents are heterogeneous in
their expected payoffs of the risky assets but homogeneous in their variance/covariance
beliefs. For fixed expected payoff for agent-2, the impact of the heterogeneous ex-
pected payoffs of agent-1 is illustrated in Figure 6.3 panels (a3), (b3) and (c3). The
optimal demand of agent-1 changes as his/her expected payoffs change. Intuitively,
agent-1 optimally holds less (more) share of the asset with lower (higher) expected
return. For agent-1, given an expected return of asset-2, as his/her expected return of
asset-1 increases, the equilibrium return of asset-1 decreases slightly while the equi-
librium return of asset-2 does not change. Correspondingly,β1 < 1 < β2. We observe
that changing heterogeneous expected returns has a significant impact on the optimal
demands of investors, but has an insignificant effect on the equilibrium returns and
beta coefficients.

6.4. Case 4.We now add one more dimension to the discussion in Case 3 by assuming
that agents can have different beliefs on the correlation coefficients of the two risky
asset returns, for example,(ρ1, ρ2) = (0, 0) and(−0.5, 0.5). It is found that there is no
significant difference from what we have observed in Case 3, except lower or negative
correlation among two assets reduces the overall returns of the risky assets.

Based on the above two cases, we have found that, with respect to the equilibrium
returns and the betas of risky assets, heterogeneous beliefs in mean and correlation
structure do not generate much difference from the benchmark homogeneous case.
However, such heterogeneity leads to significant changes in agents’ optimal portfolio
positions, which may contribute to high trading volumes in the market.

6.5. Case 5. In this case we assume that agents have heterogeneous beliefs about the
variance of asset returns but have homogeneous beliefs about the expected returns.
Fig. 6.3 panels (a4), (b4) and (c4) illustrate the impact of such heterogeneity. One can
see that

∂z11

∂σ̄11

< 0,
∂z12

∂σ̄11

> 0,
∂r1

∂σ̄11

> 0,
∂β1

∂σ̄11

> 0,
∂β2

∂σ̄11

< 0.

For fixedσ̄12, there exists āσ∗11 = σ̄∗11(σ̄12) (in factσ̄∗11 ≈ 0.114 and0.214 for σ̄12 = 0.1

and0.15, respectively) such that∂σ̄∗11
∂σ̄12

> 0,

r1 = r2 = rm, β1 = β2 = 1 for σ̄11 = σ̄∗11

and

r1 < rm < r2, β1 < 1 < β2 for σ̄11 < σ̄∗11,

r1 > rm > r2, β1 > 1 > β2 for σ̄11 > σ̄∗11
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Similar features are also found for various combinations of(ρ1, ρ2), such as(ρ1, ρ2) =
(0, 0), (−0.5,−0.5), except that the levels of returns increase asρ = ρ1 = ρ2 increases.
This feature is also found in the homogeneous case.

6.6. Case 6.We now assume that agents have heterogeneous beliefs about both ex-
pected returns and variance/covariance. Calculations (not reported here) show that
there is no significant difference for the equilibrium returns and betas compared to
Case 5.

Based on the discussion in Cases 5 and 6, we can see that heterogeneity in vari-
ance/covariance has a significant impact on agents’ equilibrium demands of the risky
assets, equilibrium returns and beta coefficients of the risky assets, in particular, for
volatility σ̄11 near the critical valuēσ∗11. For example, for fixed̄σ12 = 0.1, σ̄21 =
0.12, σ̄22 = 0.15 andρ1 = ρ2 = 0.5, the following table shows the impact of different
subjective volatilities of agent-1 on asset-1. A 2% difference of agent-1’s subjective
volatility σ̄11 on the first risky asset generates an excess return of 1.7% for the first
risky asset, 0.2% for the second asset and 1% for the market portfolio. It also gener-
ates a significant change for both beta coefficients. The first asset changes from the
least risky (withβ1 = 0.945) to the most risky (withβ1 = 1.018) while the changes
are other way around for the second asset. This simple example suggests that a higher
risk premium of a risky asset may be due to the heterogeneous beliefs about variance
and covariance among the agents.

σ̄11 r1 r2 rm β1 β2

0.10 0.144 0.155 0.149 0.945 1.055
0.12 0.161 0.157 0.159 1.018 0.982

TABLE 6.1. Impact of heterogeneity ofσ11 for fixedσ12 = 0.10.

7. CONCLUSION

This paper provides an aggregation procedure for the construction of a market con-
sensus belief from the heterogeneous beliefs of different investors. This allows us to
characterize the market equilibrium in the traditional mean-variance model under the
consensus belief. Various impacts of heterogeneity are discussed. In particular, the
impact of diversity of heterogeneous beliefs is examined. We show that the market ag-
gregation behavior is a weighted average of heterogeneous individual behavior, a very
intuitive result. The weights are proportional to the individual risk tolerance and co-
variance matrix. For example, the market equilibrium price reflects a weighted average
of the individuals’ equilibrium prices under their own beliefs. We have established an
equilibrium relation between the market aggregate expected payoff of the risky assets
and the market portfolio’s expected payoff, which leads to the CAPM-like relation-
ship under heterogeneous beliefs. Our results also provide a simple explanation for the
observed empirical relation between cross-sectional volatility and expected returns.
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This paper provides a simple framework for dealing with heterogeneous beliefs and
aggregation. The intuition and results obtained can be extended to a dynamic set-
ting and this may help us to understand various types of market behaviours, such as,
long swings of the market price away from the fundamental price, market booms and
crashes, herding, volatility clustering, long-range dependence, the risk premium puz-
zle and the relation between cross-sectional volatility and expected returns to name the
most significant. This task is left for future research.

APPENDIX A. PROOF OFPROPOSITION6.1

In the homogeneous case, we haveθi = θ, σij = σj, yij = yj, ρj = ρ for i, j = 1, 2.
It follows thatΘ = θ, Wm = aT

mpo = p1o+p2o, σ2
m = σ2

1+σ2
2+2ρσ1σ2 andzi = zm/2.

Also, from Proposition 3.2,

p1o =
y1

Rf

−Θσ1(σ1 + ρσ2), p2o =
y2

Rf

−Θσ2(σ2 + ρσ1) (A.1)

and

β1 =
σ1(σ1 + ρσ2)

p∗1(p
∗
1 + p∗2)σ2

m

, β2 =
σ2(σ2 + ρσ2)

p∗2(p
∗
1 + p∗2)σ2

m

. (A.2)

Note thatri = yi/pio − 1(i = 1, 2). In the following, we illustrate just the proof of (ii)
since the rest of Proposition 6.1 follows similarly.

It follows from (A.1) that

∂r1

∂y1

=
−Θσ1(σ1 + ρσ2)

(p∗1)2
,

∂r2

∂y1

= 0.

By usingri = Rf + βi(rm −R), we have

∂r1

∂y1

=
∂β1

∂y1

[rm −Rf ] + β1
∂rm

∂y1

.

Note thatrm = y1+y2

p1o+p2o
. Then using (A.2), we obtain

[µm −Rf ]
∂β1

∂y1

=
Θσ1(σ1 + ρσ2)

p∗1

[
1

(p∗1 + p∗2)3
− 1

(p∗1 + p∗2)

]
.

This implies that∂β1

∂y1
> 0 if and only if σ1 + ρσ2 > 0.

REFERENCES

Abel, A. (1989), Asset prices under heterogeneous beliefs: implications for the equity premium, work-
ing paper 09-89, Rodney L. White Center for Financial Research.

Abel, A. (2002), ‘An exploration of the effects of pessimism and doubt on asset returns’,Journal of
Economic Dynamics and Control26, 1075–1092.

Ang, A., Hodrick, R., Xing, Y. and Zhang, X. (2006), ‘The cross-section of volatility and expected
returns’,Journal of Finance61(1), 259–299.

Bart, J. and Masse, I. (1981), ‘Divergence of opinion and risk’,Journal of Financial and Quantitative
Analysis16, 23–34.

Basak, S. (2000), ‘A model of dynamic equilibrium asset pricing with heterogeneous beliefs and extra-
neous beliefs’,Journal of Economic Dynamics and Control24, 63–95.



22 CHIARELLA, DIECI AND HE

Calvet, L., Grandmont, J.-M. and Lemaire, I. (2004), Aggregation of heterogeneous beliefs and asset
pricing in complete financial markets, working paper 2004-12, CREST.

Cecchetti, S., Lam, P. and Mark, N. (2000), ‘Asset pricing with distorted beliefs: are equity returns too
good to be true?’,American Economic Review90, 787–805.

Chan, L., Karceski, J. and Lakonishok, J. (1999), ‘On portfolio optimization: forcasting covariance and
choosing the risk model’,The Review of Financial Studies12, 937–974.

Detemple, J. and Murthy, S. (1994), ‘Intertemporal asset pricing with heterogeneous beliefs’,Journal
of Economic Theory62, 294–320.

Diether, K., Malloy, C. and Scherbina, A. (2002), ‘Differences of opinion and cross section of stock
returns’,Journal of Finance57, 2113–2141.

Huang, C.-f. and Litzenberger, R. (1988),Foundations for Financial Economics, Elsevier, North-
Holland.

Johnson, T. (2004), ‘Forecast dispersion and the cross section of expectated returns’,Journal of Finance
59, 1957–1978.

Jouini, E. and Napp, C. (2006), ‘Heterogeneous beliefs and asset pricing in discrete time: An analysis
of pessimism and doubt’,Journal of Economic Dynamics and Control30, 1233–1260.

Lintner, J. (1965), ‘The valuation of risk assets and the selection of risky investments in stock portfolios
and capital budgets’,Review of Economics and Statistics47, 13–37.

Lintner, J. (1969), ‘The aggregation of investor’s diverse judgements and preferences in purely compet-
itive security markets’,Journal of Financial and Quantitative Analysis4, 347–400.

Mayshar, J. (1982), ‘On divergence of opinion and imperfections in capital markets’,American Eco-
nomic Review73, 114–128.

Miller, E. (1977), ‘Risk, uncertainity, and divergence of opinion’,Journal of Finance32, 1151–1168.
Mossin, J. (1966), ‘Equilibrium in a capital asset market’,Econometrica35, 768–783.
Rothschild, M. and Stiglitz, J. (1970), ‘Increasing risk (i): a definition’,Journal of Economic Theory

2, 225–243.
Sharpe, W. (1964), ‘Capital asset prices: A theory of market equilibrium under conditions of risk’,

Journal of Finance19, 425–442.
Varian, H. (1985), ‘Divergence of opinion in complete markets’,Journal of Finance40, 309–317.
Williams, J. (1977), ‘Capital asset prices with heterogeneous beliefs’,Journal of Financial Economics

5, 219–239.
Zapatero, F. (1998), ‘Effects of financial innovations on market volatility when beliefs are heteroge-

neous’,Journal of Economic Dynamics and Control22, 597–626.



AGGREGATION OF HETEROGENEOUS BELIEFS AND ASSET PRICING THEORY 23

3−1.0
0.0

0.25

−0.5

0.5

2

theta0rho

0.75

0.0

1.0

0.5 1

Equilibrium returns

−1
−1

0

1 0 rho

1

2

2

theta0

3

3

Betas of risky assets

(A1) (B1)

0.05

0.1 sigma1

0.15

0.2

sigma2

0.20.150.10.05
0.05

0.0505

0.051

Equilibrium returns

0.2

0.5

sigma2sigma1

1.0

0.1 0.1

1.5

0.2

Betas of risky assets

(A2) (B2)

0.2
0.11

0.10.1 mu2

0.12

mu1

0.2

0.13

Equilibrium returns

0.2

0.8

0.1 mu2
0.1

1.0

mu1 0.2

1.2

Betas of risky assets

(A3) (B3)

FIGURE 6.1. Effect of homogeneous risk aversion, correlation coeffi-
cient, expected return and variance.



24 CHIARELLA, DIECI AND HE

3

0.2

0.4

1

0.6

2

theta2

0.8

theta1

2 13

Optimal demand of asset 1 for agent−1

0.0

0.5

0.5

0.5

1.0

rho1

0.0

rho2

0.0 −0.5−0.5 −1.0−1.0

Optimal demands of agent−1

(a1) (a2)

30.2

21

0.4

theta2

0.6

2 1theta1

0.8

3

Equilibrium returns

−1.0 0.5

0.05

0.075

0.1

0.125

−0.5

0.15

0.0

rho2rho1

0.0 −0.50.5 −1.0

Equilibrium returns

(b1) (b2)

0.8
3

0.9

1

1.0

2

1.1

2

1.2

theta2theta1
1

3

Betas

−1

0

00 rho2

2

rho1

−1

Betas of risky assets

(c1) (c2)

FIGURE 6.2. Effect of heterogeneous risk aversion (a1, b1, c1) and
correlation coefficient (a2, b2, c2).



AGGREGATION OF HETEROGENEOUS BELIEFS AND ASSET PRICING THEORY 25

0.2

0

1

mu12mu11

0.1 0.1

0.2

Optimal demand of agent−1

0.3

0.2

0.3

0.95

sigma11

sigma12

0.2

1.0

0.1

0.1

Optimal demand of agent−1

(a3) (a4)

0.2
0.11

0.12

0.1 0.1 mu12

0.13

mu11
0.2

Equilibrium returns

0.3
0.20.3

5.2

sigma11

5.4

10−2

5.6

0.2

sigma12

0.10.1

Equilibrium returns

(b3) (b4)

0.2

0.1
mu120.1

1.0

mu11
0.2

1.2

Betas of assets

0.3
0.3 0.2

0.5

sigma11

1.0

sigma12

0.2

1.5

0.10.1

Betas of assets

(c3) (c4)

FIGURE 6.3. Effect of heterogeneous expected return (a3, b3, c3) and
standard deviation (a4, b4, c4).


